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In this thesis we study a sporadic simple F;l' OUP 
( ) 6 6 6 17 9 2 . . M 22 of order 4,5 1,751, 54,400 = 2 .3.5 .7. 1.13 
defined by 13. Fischer [3]. 
In chapter I most of the material needed from otl>er 
sources is presented. For example, in §1 we outl: .ne resul ts 
from the paper "Finite groups generated by 3-trallspositions" 
recently written by B. Fischer [3]. * 
In chapter II we deal wi th the calculation ()f the 
character tables of PSU(5,2), P8U(6,2), psn+(6,3 " 
psn(7,3) and M(22). 
In chapter III a characterization of M(22) l ,y t he 
structure of the centralizer of' one of' its invol ':ltions 
is given. The involution is not the involution c ,mtral 
in the Sylow 2-subgroup but is a 3-transposition. 
* (To appear in Inventiones Ma thematicae.) 
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Statement of problem 







The research presented in this thesis arises out 
of some recent work of B. Fischer on groups r;:ener'::tted by 
3-transposi tions. All groups considered n.re fini te . 
The thesis naturally falls into 3 chapters. 
The first chapter presents the results from Dther 
sources. Most of these are from Fischer's paper "[<'inite 
groups generated by 3-transpositions" but there are other 
sections dealing with Steiner systems, representations of 
the Mathieu groups over fields of characteristic 2, finite 
orthogonal groups and rank 3 permutation groups . 
The second chapter outlines the methods used in 
calcul.'.1ting the character table of the smallest of' the new 
( ) 17 9 ~ simple groups of Fischer, M 22 or order 2 . 3 . 5- . 7.11 .1 3. 
The methods are not original although the use of' the !;:liott 
4130 to reduce the considerable work involved in the 
calculatioh is new. As an aid to finding the charicter 
table of M(22) character tables of various classi ~al groups 
PSU(S,2) , PSU(6,2), PSn+(6,3) and PSn(7,3) are determined. 
The third chapter contains a characterizatio.:l of I.1 (22) 
by the structure of the centralizer of one of its 
involutions. 
Most of the notation in the thesis is st andard with 
the exception of the following := 
d e; D d is a 3-transposition (51). 
D is a conjugacy class of 3-transpositiJns . 
t e T 














n (n, q) etc 
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t is the product of 2 commuting 3-trr:meposi tion. 
T is the conjugacy class containing t. 
n is the product of 3 commuting 3-transpositions 
(which cannot be expressed as the prod't.ct of 2 
commuting 3-transpositions). N is the conjugacy 
class containing n . 
{di e D did = ddi and d i t d1. 
[d i e D didd i = dd.d and d. ~ dl . 1 1 
D = [d} u Dd U Ad-
A maximal set of commuting elements in D C~1 ) • 
The group generated by involutions in I such 
that those points (= elements in D) joined do 
not commute and those not joined comrn uie . 
The symmetric group on n symbols. 
An irreducible character of M(22). 
.An irreducible character of PSU(5,2). 
An irreducible character of P8u(6,2) • 
An irreducib Ie character of p* C1, § 1-; ) • 
An irreducible character of PSD(7,3) • 
See §4. 
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CHAPTER 1 PRELIMINARIES 
§1 Groups generated b~ 3~transPositions 
Definition 1.1 A conjugacy class D of a group G is 
called a class of conjugate 3-tran,spos it ions of G if : = 
(i) G = < d d € D >, 
(ii) O(d1d2 ) = 1,2 or 3 for all d1 ,d2 eD. 
In [3] Fischer proves as main th~orem := 
Theorem 1.2 Let D be a class of conjugate 3-tral .sposi tions 




(i) 03(G) ~ Z(G); 02(G) ~ Z(G); 
(ii) G' = G" • . 
Then G/Z(G) is either := 
hn' the symmetric group on n symbols. 
Sp(2n,2), the symplectic group over GF(2). 
Pfl(n,q), F[(n,q) n odd; 
pn±(n,q), ~(n,q) n even; with q=2 or q=3. (See 
§4 for notation.) 
(IV) PSU(n,2), the projective special unitary gI"DUP 
over GF(4) 0 
(V) M(22), M(23) or 1~(24), three new groups of )rders 
17 9 2 18 13 2 22 16 2 .3.5 .7.11.13, 2 .3 .5.7.11.13.17.23 and 2 .3 • 
2 3 5 .7 .11.13.17.23.29, the first two being simple, the 
third containing a simple subgroup of index 2 and J is 
unique in all three groups. 
· 8 · 
Let G be one of the groups listed in Theorem 1.2. 
Let S be a Sylow 2-subgroup of G. 
We define L to be a maximal set of pairwise ~ommuting 
elements in D, i.e. L = D n S. Then we define ILl to be 
the D-width of G. 
Lemma 1.3 If G = PSU(6,2) then := 
(1) ILl = 21 [3:9.1,16.1]. 
(ii) NG(L)/CG(L) = NG(L)/<L> ~ PSL(3,4) ~ M21 • 
[3:16.1.17]. NG(L) = N21 (see §3). 
(iii) G contains 3 conjugacy classes of subf:roups 
isomorphic to Pn-(6,3) [3:16.1 .12]. 
Comments on proof 
( 1) The 3-transpos it ions in the unitary gr01.'ps are 
transvections t(p) with respect to isotropic vectors p. 
i.e. x -+ xt(p) = x + (x,p)p for x € V, where V if an n 
dimensional vector space over GF(4) and ( , ) is the non-
singular hermitian form on V. 2 transvections cormute if 
and only if (p,q) = O. Therefore a set L correspCllds to 
. a maximal totally isotropic subspace, in this · ca~. e a 
plan~ of order 21. 
(ii) The action of M21 on <L> is as describfd in §3 . 
PSU(6,2) ) N21 (see §3), i.e. there is a ccmplemfnt to 
<L> in NG(L). This is proved by showing that 512 of the 
819 conjugates of NG (L) intersect NG (L) in a subl :roup 
which intersects <L> trivially. 
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(iii) In PSU(6,2) we take a fixed d e D, x ,,: Ad. 
Then K = <DdnDx> ~ PSU(4, 2). K is generated by 5 involutions 
a 1 , ••• ,a5 satisfying the relations := 
a 1 a 2 a3 a 5 
o--o-V-~~--oo 
a4 
Now suppose [d,aS ] = {a5,d,r1,r2,r31 where [x,y] means the 
set of 5 elements in D corresponding to the poin:;s on the 
line through x and y in the geometry. Then we de :~ine := 
Qi = < r i ' a1 ' a2 ' a3 ' a4> 
Ri = <x,Qi> 
1=1,2,3. 
1=1 ,2,3. 
Then the Ri' i=1,2,3 are representatives of the 3 
conjugacy classes of subgroups isomorphic to Pn- i 6,3). /::it:[ 
Lemma 1 .4 If G = M(22) then : = 
(1) CG(d)/<d> = PSU(6,2). We denote CG(d) by P*. 
[3:17.1.2]. 
(li) ILl = 22 [3:17.2.3(c)]. 
( iii) I < L> I = 2 1 0 [ 3 : 1 7 .2 .3 ( d) ] • 
(iv) NG(L)/CG(L) = NG(L)!<L> = M22 [3:17.2 ,3(c)]. 
(v) G operates as a rank 3 group on the con, ,ugacy 
class D [3:3.3.5]. 
(vi) G contains 2 conjugacy classes of subl :roups 
isomorphic to PSn(7,3) [3:17.2.4]. 
(vii) G operates as a rank 3 group on the c(·njugates 
of a fixed Psn(7,3) [3:17.3.11]. 
(viii) G contains subgroups isomor~hic to ~10. 
(ix) If the involutions in an Z3 are in D then 
Comments on proof' 
(i) M(22) 1s a subgroup of' the automorphism group 
1 0 
of a central extension of the graph r(E) where E is the set 
of unitary transvections in PSU(6,2). Automatically the 
centralizer of' a 3-transposition contains p* and order 
considerations show it is P*. 
(ii) As CG(d)/<?t> ~ PSU(6,2) and the D-widtt: of 
PSU(6,2) is 21 the D-width of M(22) is 22. 
(iii) See §3 . 
(iv) Lemma: If' <Dd> n NG(L) = N1 acts n-ply 
transitively on L n Dd then NG(L) acts n+1-ply tr'ansitively 
on L [3:3.3.9]. Theref'ore NG(L)/<L> is a transitive 
extension of M21 and thus by a result of Lunebere: [8) is 
isomorphic to M22 • 
(v) See Lemma 1 .5(ii) below. 
(vi) M(22) is defined as the automorphism gI'OUp of a 
width extension of' psn(7,3) with respect to the conjugacy 
class D and a subgroup W ~Sp(6,2) in PSn(7,3). 
(vii) This is proved by finding all intersections of' 
conjugates of a f'ixed P8n(7,3). 
(ix) Proof uses Lemma 1.5(1ii) and Lemma 1 .;,(iii). 
NOTES (i) and (v) together imply that G has a rank 3 
representation of' degree 3510 on the conjugates cf p •• 
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NG(L) = N22 (see §3). The proof as in Lemma 1.3(ii) 
consists of showing that there are 1024 conjugates of 
NG(L) meeting NG(L) in a subgroup which complements <L>. QQ 
Lemma 1.~ Suppose G is a group listed in Theorem 1.2 
then := 
(i) Dd is a conjugacy class of 3-transpositions of 
(ii) <Dd> is transitive on Ad. 
(iii) <Dd>'/Z«Dd>') is simple implies that G acts 
transitively on the set of triples {x,d;f} where x,d,f 
= 
e D and (i o d 
Lemma 1.6 If' G is one of the groups listed in Theorem 
1.2 then := 
(i) D n T = ~ [3:4.1.1]. 
(ii) T is a ,class of conjugate elements of G [3:4.1.2]. 
(iii) If d1d2 = d3d4 e T for di e D, i=1,2,3,4 then 
[d1 , d21 = {d3,d41 [3:4.1.2(b)]. 
Lemma 1.7 If G = PSn(7,3) then := 
(i) G contains exactly 2 conjugacy classes of ' 
subgroups isomorphic to Z9 [3:15.3.8, 15.1.3]. 
(ii) G contains exactly 2 conjugacy classes of 
subgroups isomorphic to Sp(6,2) [3:15.3.11,15.1.3]. 
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Comments on proof 
(i) Fix d e D and x e Ad- Then C = <DdnDx> = UoS 1 
where Uo < C is elementary abelian of order 3
4 and 8 1 = Z6 
= <a1 ,.· .,85>, . eDd «a1 , ••• ,a5» ={a6}and it is possible 
to repla.ce a5 by y so that we have elements satisfying 
the relations a1 a2 a3 a4 y x d 
~o--~o--~o---~---<c--~o--~o and these 
are generators and relations of Z9. 
(il) We take 8 1"" .,86 e Dd as in (1) and choose 
w so that 
a1 8 2 a3 a4 a5 86 
0 0 0 0 we d 
Lemma 1.8 Let D be a set of 3 transpositions of <D> and 
X a subgroup generated by 3 'elements in D. Then X is an 
epimorphic lmage of one of the following groups := 
(1) Z2 x Z2 x Z2; 
(ii) ~2 x ~3; 
(lii) Z4; 
(iv) H where H = <a,b,c> (bc)a ~ be, 
IHI = 54, /Z(H) I = 3, /H ' / = 3 and 
H' is extraspecial of exponent 3. qq 
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*2 S te ine r Sys te IDE 
De~inition 2.1 A Steiner system S(l,m,n) is an arrangement 
of n objects into blocks of size m so that each set of 
size 1 lies in exactly one block. Steiner systems do not 
exist ~or arbitrary 1, m and n. (See Witt [12].) 
If S(l,m,n) exists then it contains exactly 
blocks. 
If 1 > 2 and S(l,m,n) exists then S(1-1,m-1,n-1) 
also exists. For take the blocks containing a given point 
and form the new system by leaving that point out. 
Lemma 2.2 8(5,8 , 24) exists and is unique. (Witt [12]. 
proves its existence and uniqueness. Todd [10] actually 
lists the blocks as sets of 8 from the set {oo 0 1 2 ••• 22}.) 
By lIDique we mean : = If' fl. and fl. tare 2 sets of 24 points 
each forming a S(5,8,'24) then there is a 1-1 map between 
fl. and n t preserving the blocks. 
The number of blocks in 8(5,8,24) is 2~.2:2.22.21.20 
• 7. 6. 5. 4 
= 759. 
The number of' blocks containing a given 1 po i nt is 253. 
The number of blocks containing a given 2 points is 77. 
The number of bloclcs containing a given 3 points is 21 • 
The number of blocks containing ~ given l+ l)oints is 5. 
The number of .blocks containIng a given 5 points is 1 • 
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If a 1 ,a2 ,a3 are arbitrary paints from the 24 paints 
of a 8(5,8,24) then the following Venn diagram shows the 
number of blocks containing 1,2 and 3 of them. 
Definition 2.3 Let 8(5,8,24) be a Steiner system on 
P = {a1 ,a2 , •••• ,a241. Consider the fixed 8(4,7,23), 
8(3,6,22) and 8(2,5,21) obtained by leaving out the 
points a24; a24 and a23 ; a24,a23 and a22 respectively. 
Then we define an 8-oval in 8(4,7,23) to be a block 
in 8(5,8,24) not containing a24• There are 506 8-ovals in 
8(4,7,23). 
A 7-oval in 8(3,6,22) is a block in 8(4,7,23) not 
containing a23 • There are 2.176 7-ovals in 8(3,6,22). 
A 6-oval in 8(2,5,21) is a block in 8(3,6,22) not 
containing a22 • There are 3.56 6-ovals in 8(2,5,21). 
Lemma 2.4 The 8-ovals in 8(4,7,23) are precisely the 
sets of 8 points, no 5 collinear in 8(4,7,23). (Collinear 
means lies in a block.) 
The 7-ovals in 8(3,6,22) are the sets of 7 points no 
4 collinear in 8(3,6,22). 
The 6-ovals in 8(2,5,21) are the sets of 6 points no 
3 collinear in S(2,5,21). 
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Proof' Clearly all ovals have the property and a c01.mting 
arguInent shows all sets with the given property are ovals. 
Lemma ,2 ~ The group of' automorphisms of' S (5, 8, 2L~) is 
1.124 ; we call the stabilizer of 1, 2 and 3 points in M24 
M23 ,M22 and M21 • (Witt [12].) 
M23 is the automoI'Phism group of 8 (4, 7,23). M22 is 
of index 2 in the automorphism group of' 3 (3,6,22 ) and 
M21 is of index 6 in the automorphism group of 8(2,5,21). 
(Witt [12].) 8(2,5,21) is actually a projective plane 
over GF(4) and M21 ~ P8L(3,4). 
M23 is transitive on the set of 8-ovals. 
M22 permutes the set of 7-ovals in 2 orbits of 
length 176 each. 
M21 permutes the set of 6-ovals in 3 orbits of 
length 56 each. (Luneberg [8].) 
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93 Modules for the Mathieu groups 
M24, M23 and M22 act naturally on 24, 23 and 22 
symbols as a permutation group. Let n : {a1,a2, • •• ,a241. 
Let P :: GF(2). Then Fn == ! Z A.ia i I 7\.i e F, o.i e n 1 is 
a module over GF(2) for M24 in a natura l i'lay. 
Todd [9] shows that the 24 dimensional module has 
a factor module of dimension 12 on which M24 acts 
irreducibly. We may define this 12 dimensiona l module in 
the following way :== 
M24 is the automorphism group of S( 5, 8,24) .. We fo rm 
an additive abelian group L12 with 24 generators 
d 1 , •••• ,d24 with the relations: 
2di = o. 
Z d.: 0 if and only if J is a union of blocks in jeJ J 
8(5,8,24). 
We may r educe this latter set of relations to 
Z dj==O if and only if J is a block. jeJ 
Every element is a sum of ~ 4 d i and as there are 
exactly 5 blocks through a given quadruple of points 
(Lemma 2.2), each element v which is the sum of 4 d's 
can be expressed as the sum of 4 d's in exactly 6 ways. 
Hence L12 contains 
17 
----.-.. -.- -.- ----.------------_. --------, 
element 
1 







~ . .! 1 
24.23.22 .- 2 o 24--! 
(.2d, ,~2 .11) 1 m -j 
( 4. ').2.1. 6) 4'096 
------- - -- - ----
Therefore IL121 = 212. 
M2L~ acts on L12 in a natural way becaus e M24 permutes 
the i in such a way as to talte each defining relation to 
another one. We denote by N24 the semi-direct product 
L12 .M24• (L12 is defined in another way by Todd [9].) 
We define L11 to have the same generators and relations 
as L12 , together with the relation d1 = D. i.e. L11 is a 
f'actor group of' L12 • Then L11 is the abelian group 
generated by d2 , ••• ,d24 with the 759 relations 
Z' d . = 0 if' J is an 8-oval in 8(4,7,23) or jeJ J 
J is a block in 8 (4,7,23). 
Every element in L11 is the sum of 1, 2 or 3 dj'S. 
Hence L11 contains := 
-------[. -.. --- _. - --··--------·--- -1 
element number , 
. ~--~ --. ~ - ....... -- - --
1 1 1 ! 
d i 23 
. ----- - ---- -----~- --
~+d 23.22 i j 2. 1 d-:-+cf.+dk - --- - 23:22-~21 ~ J 3. 2. 1 
---- ---- --. 
Any sum of 4 d. f S = SUIll of 3 d _ 's i.e. the 
J J 
complementary set in the unique block containing them. 
Therefore IL11 I 
N23 =: L11 -M23 -
11 
= 2 _ M23 acts on L 11 • ne define 
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·:Ie define L10 by adding the rela tion d2 = 0 to the 
relations in L11 - Then L10 is the abelian group generated 
by d3 , ••• ,d24 with the 759+22 relations 2di = 0 and 
Z d = 0 if J is an 8-block in 8(5,8,24) not containing 
je:J j 
d1 and d2 or J is a 7-oval in 3 (3,6, 22) or J 
is a block in 8(3,6,22). 
The elements in L10 are sums of 1, 2 or 3 dj'S. If 
n = d 1 +d2+d3 then n also = d4+d5+d6 where {1,2, 3 ,4,5,6} 
is a block in 8(3,6,22). These are the only expressions 
of n as a product of 3 dj'S_ 
Hence L10 contains:= ---....,._._-_ .. _-- --
element number 
1 1 1 
1--------+---------.-------.-__ 
d i 22 
Therefore IL101 
N22 :: L1· 0 .M22 • 
10 
= 2 • M22 acts on L10 and let 












§4 Orthogonal groups over finite fields 
A general reference for this section is Artin [1]. 
Let F be a finite field GF(q) where q = pa. 
Let V be a vector space of dimension n over F. 
Let x ... xJ be an automorphism of order 1 or 2 of 
the field F. 
Let ( , ) be a scalar product on V. i.e. ( , ) : 
V x V ... F • . ( , ) is said to be a sesquilinear form on V 
if: 
(x1 +x2 ,y) = (x1 ,y) + (x2,y) for all x,y,x1 , (X'Y1+Y2) (x'Y1 ) + (x,y2 ) == 
x2 'Y1 and Y2 in (fl.X,y) A(X,y) = 
AJ(X,y) V and A in V. (X,AY) = 
If ( , ) is non-singular and T : V ... V satisfies 
(Tx,Ty) = (x,y) for all x,y in V then we say T is an 
ISOMETRY of ( , ). 
If ( , ) is a non-singular sesquilinear form on V 
satisfying (x,y) = (y,x) for all x,y in V then V is called 
an orthogonal space and the group of isometries of ( , ) 
is called an ORTHOGONAL group. We note that in this case 
J is the identity automorphism. 
We say 2 sesquilinear forms are eqaivalent if they 
can be represented by the same matrix := 
(e i ,e j )1 = (fi ,f j )2 for different bases fe11,ffil 
of V. 
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Theorem 4.1 (a) Let V be a non-singular orthogonal space 
over F of dimension 2n. Then there are 2 non-equivalent 
forms on V with representatives . -.-
(1 ) (1) [~ 6] • n 
(2 ) (1) [~ 6] (1) [6 j] where 5 is a nons qua re in F. n-1 
(b) Let V be a non-singular orthogonal space 
over F of dimension 2n+1. Then there are 2 non-equivalent 






[~ 6] (1) [1]. 
[~ 6] Ef) [b] where b is a nonsquare in F. 
Definition 4.2 In case (a1) we denote the form by 0 and 
the group of isometries as O+(2n,q). 
In case (a2) we denote the form by wand 
the group of isometries as O-(2n,q). 
In case (b1) we denote the fo rm by 1 and 
the gro"upof isometrie s as O(2n+1, q) • 
In case (b2) we denote the form by ~ and 
the group of isometries is the same as in case (b1) as 
( , )b2 is equivalent to b( , )b1. 
() n-1. /O+(2n,q)I = 2.qn n-1 (qn_1) IT (q21_1 ). 
1=1 
() n-1. IO-(2n,q)I = 2.qn n-1 (qn+1) IT (q21_1). 




Let V be a vector space of dimension n over F and 
( , ) a non-singular sesquilinear form on V. 
Let T be an isometry of ( , ) on V. 
Let U = I - T. i.e. Ux = x - Tx for all x in V. 
Define WT = Image U c V. 
(Tx,Ty) = (x,y) • ••• (Ux,Uy) = (Ux,y) + (x,Uy) for 
all x,y in V. 
We define a form gT on WT as follows := 
u,v -+ 




This is a well defined map as if UX1 = UX2 then 
(x1,Uy) = (Ux1 ,Uy) - (Ux1 ,y) = (Ux2 ,Uy) - (U~,y) = (x2 ,uy) 
It is easy to check that gT is a non-singular sesqui-
linear form on WT• 
Suppose V is an orthogonal space. Then [u,v] + [v,u] 
= (u,v) for all u,v in WT-
Suppose that gT has form 11 with respect to some 
basis then it has form S'AS with respect to another basis. 
det(S'AS) = detA.(dets)2 and hence T determines an element 
of' F*/(F*)2. We call this element the spinorial norm or 
discriminant of T. 
Hence there are 2 homomorphisms of O(n,q). The 
first is the determinant map to f+1,-1} and the second is 
the spinorial norm to {1,6}. 
De~inition 4.3 sO(n,q) ie the subgroup of O(n,q) of 
matrices of determinant 1. 
n(n,q) is the subgroup of O(n,q) of 
matrices with discriminant a square. 
subgroups. 
sn(n,q) is the intersection of these 2 
n(n,q) is the diagonal group. 
psn(n,q) ~ sn(n,q)/Z(sn(n,q)). 
Note: We use sn+(n,q) etc. for n even. 
Theorem 4.4 The inclusions are proper := 
z 
SO(n,q) n(n,q) 




for 0+ (h,q) if qn_1 
-
0 (mod 4) 
:z., 
if qn+1 for O-(n,q) 
-
0 (mod 4) 
fI 
when 
Z(sn (n, qJ) Iz(sn(n,q))/ = 2. 
1 
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§5 Rank 3 Permutation Groups 
This section is taken f'rom the paper by !) .G. -'igman 
Given a transitive group G of' permutations of' a 
f'inite set fi, the number of G -orbits is independent of a . 
the particular a € fi. 
Let n = In I. 
Defini tion 5.1 If G
a 
has exactly 3 orbits a, b. (a) and 
rea) then we say that G is a rank 3 permutation group 
(strictly that G is a rank 3 permutation group on n). 
We choose notation so th~t ~(a)g = b.(ag ) for Qll 
a € fi, g e G. Let k = !6(a)! and 1 = Ir(a)1 so that 
n = 1 + k + 1. 
Definition 5.2 !6(a) n 6(b)1 = A for b e b.(a). 
16 (a) n 6 (b) I = J.L for b e r (a) • 
It is clear that A and J.L depend neither on a nor b. 
Equation 5.3 J.Ll = k(k-A-1). 
Now (1G
a
)G = 1G + X2 + X3 .where X2 and X3 a re 
irreducible characters of G. Let f2 and f3 be the degrees 
of X2 and X3 - Then: 
Equation 5.4 
CHAPTER 2 CHARACTER TP~LES 
26 Conjugacy classes and character tables of P8U(5,2) 
and PSU(6,2) 
Let V be a finite dimensional vector space over 
25 
2 GF(q), where q = r • Let the dimension of the v.s. be n. 
A sesquilinear form on V [see §4] is unitary if (x,y) = 
(y,x)J for all x,y e V. We call the group of is ometries 
of such a form a unitary group. As all non-degenera te 
Hermi tian forms on V are eq·uivalent (Artin [1]) the 
unitary group U(n,r2 ) is essentially unique. 
I U ( 2 ) I ri (n -1 ) n rrn ( ri _ ( "":1 ) i) • n,r = 
i=1 
Let X stand for a non-singular linear ~ ransform ~tion 
on v. ~ = ~(t) stands for an irreducible monic polynomia l 
over GF(q), ~ ~ t. I~I denotes the degree of ~ and m(~~) 
the multiplicity of ~~ as an elementary divisor of X. 
X* is the conjugate transpose of X, where conjugation is 
raising to the r-th power. 2 matrices are similar if they 
are conjugate in the general linear group. 
If ~ is an irreducible polynomial 
~(t) a o + a1t + 
k then = ••• + t 
- (n -1)J t k ~J(t-1) ~(t) = 0 
(a
o 
-1)J + ( -1 )J k-1 + t k = • •• + a o a 1 t 
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Theorem 6.1 (G.E. Wall (11)) 
(i) X is similar to an element of U(n,q) if, and 
*-1 ( J.I.) only if, X ~ X ,i.e. m ~ = 
(ii) 2 elements of U(n,q) are conjugate in U(n,q) 
if, and only if, they are similar. 
(iii) The number of 
the coefficient of t n in 
conjugacy classes in U(n,q) is 
n (1 + til. ) 
, "II. 
"-=1 1 -q 2t • 
(iv) Let X e U(n,q). Write 
B(~) = ZJ.I.<vJ.l.mJ.l.mV + !~J.I.(J.I.-1)mJ.l.2 IT A(~J.I.) 
Q • J.I. 
where Q = ql~l, ~ = m(~J.I.). Then the order of the 
centralizer of X, ICu(n,q) (X) I = ~ Beep). t?4 
The unitary groups involved in M(22) are PSU(n,2), 
n=1, ••• ,6. We list the orders of the relevant groups here: 
n /U(n,2) I ISU(n,2)! IP :W (n,2) I 
4 26 .35. 5 26. 34.5 26. 34.5 
5 21°.36 .5.11 21°.3 5 .5.11 210 .35 .5.11 
6 1 t) 8 2 .3 .5.7.11 15 7 2 .3 .5.7.11 15 6 2 .3 .5.7.11 
These are groups over GF(4) i.e. q=4 and r=2 in 
Theorem 6.1, but there is no possibility of confusion in 
this inconsistency. Let GF(4) = {0,1,x,1+x}. Addition is 
mod 2 and x2=1+x, x(1+x)=1. 
The number or conjugacy classes in U(n,2) is the 
coefricient of t n in 
27 
IT (1 + t~) = 1 +3t +9t2 +24t3 +60t4 +141t 5 +324t 6 + ••• 
h.=1 1 -2t 
These numbers are invaluable as checks for calcula tions. 
The character table of PSU(4,2) is well known and 
has been carefully checked by John Mackay . The refore we 
deal wi.th t he conjugacy classes of U(5,2) and U(6,2) and 
thence those of PSU(5,2) and PSU(6,2). 
The irreducible self-conjugate polynomials of degree 
















- - - ~---
degree 6 none 
R£I1A IN IN 6 
The;'i rreducible polynomials of degree 1, 2 and 3 
arranged in conjugate pairs are as follows:= 
degree 1 none 
degree 2 
degree 3 
t 2+ xt +1, t 2+(x+1)t+1; 
t2+t+X+1, t 2+(x+1)t+x+1; 
t2+t+X, t2+Xt+Xe 
t 3+t+1, t 3+t2+1; 
t 3+xt+1, t 3+(X+1)t2+1; 
t 3+(x+1)t+1, t 3+xt2+1; 
t 3+t2+t+X+1, t 3+(X+1)t2+(X+1)t+X+1; 
· 32 t3+t 2+t +x , t +xt +xt+x. 
-- -----~ 
t3+xt2+t+X+1, t3+(X+1)t~+xt-FX+1; 
t 3+xt2+(X+1)t+X, t 3+(X+1)t 2+t+x; 
t3+t2+xt+X+1, t3+xt2+(X+1)t+x+1; 
t 3+t2+(X+1)t+X, t 3+(X+1)t 2+xt+X; 
28 
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§7 Conjugacy classes in PSU(S,2) 
Using Theorem 6.1 it is now a routine matter to 
list the conjugacy classes of U(S,2) and determine which 
of these conjugacy classes lie in SU(5,2)=PSU(5,2). It 
then remains to determine which of these con jugacy classes 
split into 3 conjugacy classes in SU(S,2), i.e. those 
for which ICU(5,2)(x)1 = ICSU (5,2)(x)l. 
The conjugacy classes in U(5,2) which lie . in 
SU(5,2) are listed in Table 1, none of them split as 
I z ( U ( S, 2) ) I = 3 and I z ( s U (S, 2 ) ) I = 1. 
TABLE 1 
-
el.div. of X m(cp).L) A (tp).L) B(<p) ICSU(5,2) (X) I 
cp).L 
t+1 5 21 °.36 .5.11 21°.3 5.5.11 
(t+1 ) 2 1 3 
t+1 3 23.34 43+~ 1210.3.4 
(t+1)2 2 2.32 
42+t .22 t+1 1 3 29 •32 
(t+1)3 1 3 
t+1 2 2.32 42+'~ .2 27.32 
(t+1)3 1 3 
(t+1)2 1 3 42+~- ( 1 +2) 27 .3 . 
(t+1 ) 4 1 3 





(t+1 ) 5 1 3 t 4J; ·4 24 ~ 
---
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TABLE 1 (Contd.) 
--, . 
el.div. of X m(cpI-L) A(CPI-L) B(q» ICSU (5,2) (X) I 
q>I-L 
t+x 4 2 6 .3 5 .5 
t+x+1 1 3 
___ l ~35.5 
-----
1-. .--
t+x+1 I 4 2 6 .3 5.5 
I t+x I 1 3 i 2 6 .3 5 .5 
(t+x)2 1 3 I I 
t+x 2 2.32 I I 42+~- 6 7, t+x+1 1 3 I 2 ~--' 0 ../ \----
-








t----- --- - -- --- --- ------t-___ -- -- -----1 
(t+x)2 2 










1 22 4-::'· -
f+x)J 
t+x 1 3 
! t+x+1 1 3 
I 
I 
1 2 41 +1, .2 
( )4 i I 3 t+x I 1 . j 
I ! 3 I 4~·3 ;:~::1-) 4 -- -1- ; -0---- ---I i 3 
~:;~~ ------- 1--; I ~~l - --tn~_·_-- :: ::5 
TABLE 1 (Contd ) 
· "-,--
el.div. of X m(cpl-L) A (cpl-L) B(q» /C SU (5,2) (X) I 
cpl-L 
t+x+1 3 23 .34 
t+1 2 2.32 24.3 5 
I t+x 3 23 .34 (t+1)2 1 24.34 1 3 42 
t+x+1 3 23.34 
(t+1)2 1 24.34 1 3 42 
(t+x)2 1 3 
t+x 1 3 
t+1 2 2.32 41+} 24.33 
t--
-
, (t+X+1)2 1 3 
t+x+1 1 3 
2.32 




(t+x)2 1 3 I 
1 
t+X 1 3 41+2 
(t+1 )2- 1 24.32 1 3 4~ 
------- f-- -'---
(t+X+1)2 1 3 
t+x+1 1 3 41+~ 
(t+1)2 1 24.32 1 3 4.2 
(t+x)3 1 3 
t+1 2 2.32 4} ·2 23 .32, 
---
(t+X+1)3 1 3 
t+1 2 2.32 4t .2 23.32 
--.. -.------ . 
-
(t+X)3 1 3 4t .2 
(t+1)2 1 23 .3 1 3 42 
(t+X+1)3 1 3 4~·2 
(t+1)2 1 23 .3 1 3 4~' 
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TABLE 1 (Contd ) • 
r--~---
- - , 
el.div. of' X m(<pJ..L) A (<pJ..L) B(q» ICSU (5,2) (X) I 
q>J..L 
t+1 3 23 .34 
t+x 1 3 
t+x+1 1 3 23 .35 
f--- ------- f----~ 
(t+1)2 1 3 
t+1 1 3 
t+x 1 3 
t+x+1 1 3 41 +~; 23 .33 
f---- --
------
(t+1 ) 3 1 3 
t+x 1 3 
t+x+1 1 3 4~·2 22 7. 2 • .J 
f----
-----
t+x 2 2.32 
t+x+1 2 2.32 • 
t+1 1 , 3 22 .34 ~ t+x 2 2.32 
(t+X+1)2 1 3 
1 
22.33 t+1 1 3 42-
f..---
t+x+1 2 2.32 
(t+x)2 1 3 
1 
22.33 t+1 1 3 4-;2- I 
.--t. (t+x)2 1 3 
(t+X+1)2 
1 I 1 3 42 1 
22.32 t+1 1 3 4~ I I 




t 3+X+1 1 32 
t+x+1 2 2.32 I 2.3
3 
el.div. of X 
cpf.l. 
TABLE 1 (Contd. ) 
-_. 
...---














- .- -. -- f--- -----.----.----- -------.-. -----
t2+xt+1 } 1 
2 3.5 
33 
---. ---.. --.-...-.....01 
t +(x+1)t+1 I 
t+1 1 3 3 . 5 
f-----------.----t---t------+-------l'-------------1 
1 I 
t+x+1 1 3 
f---- --.. --. --.----1-- --+---------- -. ---------- --.------
t2+t+X } 1 3 .5 
1-_:_:_:_x_t_+_X _ ______ 1_-t_3------,-_________ L ______ _ 
t 5+xt4+t 3+t2 I 
+(x+1)t+1 1 3.11 
-- -. ------; 
11 
r---'-- ---.. ~-.- - - --+---+-------+----:-----1- ----------1 
t 5+(X+1)t4+t3 
+t2+xt+1 1 11 
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§8 Characters of PSU(5,2) 
We determine the characters of PSU(S,2), x(~) 
i = 1, ••• ,47, mainly by using the characters of the 
subgroup o~ index 176, namely PSU(4,2) x c3 • First, 
however we calculate the characters of the three rank 3 
2 -The projective geometry PG(5,4) contains 1+4+4 +45+ 
+44 = (45-1)/(4-1) = 341 points. 
If Z is a point we define t he lengt h of k = l(~) to 
* TJ be z; Z. ::: Z. Z. • e • g . i f ~::: 1 then l(.!.) ::: 1.1+X.(1+X)+ 




Clearly l(Z) :: 1 if and only if Z. has an odd number of 
non-ze r o coordinates and leA) ::: a if and only if k has an 
even number of non-zero coordinates. 
Therefore the number of non-isotropic points, those 
Z; with l~) ::: 1 is S + (5) . 32 + (§) .34 = 176 . 
The number of isotropic points is (~).3 + (4).33 ::: 165. 
If Z. is an isotropic point and X is an isot ropic point 
* such that Z. Z ::: 0 then the line joining Z and Y,. 1s totally 
* isotropic as (A~ + ~X) (AZ + ~X) = a for all A,~ e GF(4). 
Clearly PSU(5,2) is transitive on the isotropic points. 





• Then the number of X, isot ropic , such 
* that Z Y,. ::: 0 is 
35 
3. 3 + 1 + 3.9 = 37 of type 
0 1 1 
0 1 1 
a 0 a 
b 0 
c 0 c 
Therefore the number of totally isotrop ic lines is 
16,2 x £37-1) = 297. 
5 x 
It is easy to see that the characters ~176'~1 65 and ~297 
are all characters of rank 3 repre sent ations . 
The character of the representation on 341 pOints , 
~341 = ~176 + "'165 can be calculated using only the 
elementary divisors of the element, as the number of fixed 
points of an element acting on a PG(n,q) depends only on 
the conjugacy class of the element in GL(n,q). 
e.g. if X e PSU(5, 2) = SU(5 , 2), where X has elementary 
. 2 
divisors (t+x) ,t+x,t+1,t+1~ then X is similar to the 
matrix x 1 
x 
1 1 1 




0 1 x 1 +x 
0 0 0 0 








• The fixed vectors are 
0 0 0 0 0 The refore 
0 0 0 0 0 
0 0 0 a 0 If 341 (X) = 10. 
1 1 1 1 0 
0 1 x 1 +x 1 
The stabi lizer of a non-isotropic point is isomorphic 





( ) P8U(5,2) Hence ~176 = 1pSU (4,2)XC3 • 
~165 = ~341 - ~176 • 






~=3 (Other 3 points on a totally isotropic line) 
J.n = k(k-'A.-1) (Equation 5.3) 
~ = 36.32/128 = 9. 
d = ('A._~)2 + 4(k-~) = 144. 
= 2k + (~-g)(k+l) ~ Vd(k+l) 
-l= 2'7d 
(EquDtion 5.4) 
= 72 - 6.164 f 12.164 
=J: 2.12 
= {120,441 • . 
n=176 k=40 1=135 ).,=12 
jJ. = 40.27/135 = 8. 
d = 16 + 4.32 = 144. 
tf 2 , f 31 = 80 + 4.115 ± 12.11:2 = [120,551. ~ 2.12 
The character ~176 is non-zero on all except 8 
conjugacy classes of PSU(5,2). Hence by restricting to the 
subgroup PSU(4,2) x C3 it is possible to calculate the 
value of the 3 irreducible chara cters of degrees ~~,55 
and 120 on all the conjugacy classes except the 8 where 
't'176 vanishes. (The character of degree 120 is the same 
character in both 't'165 and ~176.) 
2 of the 8 conjugacy classes are elements of order 1 -1 
and the values on these classes are cle nr by congruences 
mod 11. There are very few possibilities for the values 
37 
of the 3 characters on the remaining 6 conjugqcy cl qs ses 
and orthogonality relations determine these. 
~297 splits as x~5) and 2 characters of degrees 120 
and 176. The character of degree 120 is the one al re ndy 
known. 
Finally using the Elliott 4100 computer at Warwick 
University the 60 induced characters, induced from PSU(4, 2) 
x C3' were calculated together with the matrix of their 
scalar products . The remaining characters were then easily 
determined by solving the sets of linear equations 
resulting from the matrix of scalar products. 
The character table of PSU(5,2) is presented as 
TABLE 2 . 
TABLE 2 
;L' ?(~ :f'!S' tlS -'f -( -!> -r · f -+;- ~::. , _~-' , , • :' • •• ' • . ..r I~ . ~ . _ I ,"1, _. ' " •• , ./". _t /~ ~ :~- .... -- - f C ::, .:;, C,p v ~ :o P <i' .J::) . i:;J <F" :qt:~ 
..,.: .• i\.~ ~~ ~" to -'t tO O j O SO " ... .L I.. ~ .z... 0 0 -l~ -IJ" l .3 -3 -,$ -I -( -I -I J I 3 1 -I -, -3 -] 1 ~-o.-. 0 C) 4) ' c> 0 0 0 ~ 0 :1: " 
'1f J=f 
- .. ~ 
,,'+;c4. ... -s-IC.... ._ 
. 71:... _crl l1 'l l .) ..> -( -I 31 ~ I '1. '1 -3 -; - 5 -J .1 _I. 0 CI ~ 0 c:. # C C ceo () C OO a " 0-- 0 ; " 0 0 0 0 10 It {{} ~ 
i\., ~I ~1 -"I 3 .) -I -, ;,~~ ~'" I-1~ I" .... I~ 1-'1..- J. 14 .. ~~ 1_ 0 () () .0 0 0 0 0 0 0 0 0 0 0 0 0 0 "" 0 + <:> ~ a 0 0. 0 -0 I 1t.J" .t,.1~~ 
0'* 0 0 C 0 
L(S" -81 -1 -'\ ; l> , <:) 0 0 0 0 0" 0 '0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - o. 0 0 0 0 0 0 <::J 0 0 0 0 () ~ K 
~ f OOOOOOOOOOOOOOOOOOOOOOQOO OOOOOOOOOOOOOJ~ 
. -







§9 Conjugacy classes in P3U(6 , 2) 
The following table calculated using Theorem 6.1 
contains a list of' the conjugacy classes of the group 
U(6,2) contained in 8u(6,2). Conjugacy classes bracketed 
together have the same centralizer. 
TABLE 3 
el.div. of X m(cp~) A (CP~) Be<p~) I eU ( 6, 2) eX) I 
cP)J. 
t+1 6 15 8 2 .3 .5.7.11 15 8 2 .3 .5.7.11 
t+x 6 
t+x+1 6 
t+1 4 26 .3 5 .5 





t+1 2 2.32 
44+';- . 22 (t+1 ) 2 2 2.32 214.34 
t+x 2 
(t+x)2 2 I 
~ -t+x+1 (t+X+1)2 





[ (t+x+1 ) 2 3 
r 
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TABLE 3 (Contd) 
el.div. of X m(ep).!.) A (ep).!.) B(ep).!.) ICU(6, 2) eX) I 
ep).!. 
-~-- ._-
t+1 3 23.34 
(t+1)3 1 3 43+~ . 2 211 . 35 
------ ----.-
I t+x 3 I 
I (t+x) 3 1 h---- - -- -t+x+1 3 
(t+x+1)3 1 
_ ___ +--_ ____ ---+-_ -------l 
1 

























1-----.- - ---- ---c-- - - ---.-------;-- --~ .-- -




(t+X+1)3 2 i ----------~--+--------t-------r---------I 
t+1 2 2 .32 
3 42 +~ .3 128 . 33 
I (~::)4 ~ --- ____ ---l--____ I ______ ~I 
f------- ____ ---- ··---------1-------i1 
t+x+1 2 I 
(t+X+1)4 1 I 
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TABLE 3 (Contd) 
r---




(t+1 ) 2 1 3 
2 8•32 (t+1 )4 1 3 42+';' ( 1 + 3) 






t+1 1 3 






(t+x+1 ) 5 1 I 
(t+1 ) 6 1 3 4~ ·5 2 5 . 3 
I (t+X)6 1 
t---- - -
(t+X+1) 6 1 
-
t+1 4 2 6 .35.5 
t+x 1 3 














TP.BLE 3 (Contd) 
- -------



























42+~ .1 26 . 3 5 
--- ------ --
---- ------- - +-- ----- -+------- ---- ---
































t+1 1 3 
_(t+1 )3 1 3 
t+x 1 3 
t+x+1 , 1 3 
i----~ _ ____ 








-- --- --- - -------
----- f------ - ----------------1 
42 
TABLE 3 (Contd) 
'"" 
-
el.div. of X m(q>f..L) A(q>f..L) B(q>!l) I Cu ( 6, 2 ) (x ) I 
q>f..L 
t+x+1 1 
(t+X+1) 3 1 
t+1 1 
I t+x 1 
(t+1 ) 4 1 3 
t+x 1 3 











t+1 3 23.34 





t+1 1 3 
(t+1 ) 2 1 3 J1+~ t+x 3 23 •34 26 .36 
t---- -_. - -- -
t+1 1 I (t+1)2 1 
I t+x+1 3 







TABLE 3 (Contd) 
----- -- -- ----- --
el.div. of' X m(q>IJ.) A (q>IJ.) B(qiIJ.) I Cu ( 6,2) (X) I 
cplJ. 
(t+1)3 1 3 
t+x 3 23.34 4t .2 2 5 .3 5 
I - --- ------i--




r-- ----- -----1- ---+---------+-------- ------1 
(t+x)3 1 
t+x+1 3 













t-- -. -- ---- -- -
(t+1)3 
t+x+1 



















I- . ---- -1----r .. -- ----------------- ------.. r---------~ 
(t+x)3 I 
--I-
t+x+1 1 I 
I 
(t+X+1 ) 2 1 I ~ _______ ..L._ _ 1__ ______ _L_ ... _____ ~1 ______ _ 
l\ 
el.div. o~ X m(~~) 
q>~ 






'---- - -- .---------- I- -----+---------+-------+---------
! t+x+1 1 





















2 6 •34 I 
-- --- -. ---- --4--- -I-- - --- ------












~ t+x+1 (t+X+1)2 
(t+1)3 
(t+X)3 
f-- .- -- ---
(t+1)3 
~ c----------4----~-'--·----; 
1 113 4t .2 ! I 
1 13 · 4-}·2 24.32 
-+-___ ....... , ________ ~- _______________ .....JI 
1 I I I 
(t+X+1)3 
I-- ------ - -------- -- : : c. _____ --+-_____ i-- ---~ 
7-(t+X).J 
(t+X+1)3 I I -1 i 
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TABLE 3 (Contd) 
el.div. of X m(q>I-L) A(q>I-L) B(<p!l) ICU(6,2)(X) I 
<pI-L 
f--- ---------- -- 1----
7-(t+x+1) .J 1 
t+1 1 
(t+1) 2 1 
-_.-
-
-1-: -~ ---r-------- - ----(t+X+1)3 
t+x 
(t+x)2 1 1 f--- .. - - ---.- -1---- - - .-- ------ - --_._-- ~ --(t+1 )2 1 3 42 




f--o - -- .-- ------
(t+1 )2 1 1 3 42 
(t+X)2 1 1 3 42 
I t+x+1 I 2 2.3
2 23 . 34 I l--~ I 1-----(t+1 ) 2 1 I I I (t+x+1)2 I 1 I 
t+x 2 ! II ----L-.-+-------+---_+_ 
I I . (t+x)2 I 1 
l! (t+X+1) 2 1 I I i 
------/----- -------~ 
t+x 2 2.32 
I: (t+x+1) 2 l'L t+1 t+x 
i ::::;2 _____ I_:_;I'~:22_·· _______ r 4~--·--123:~5 
t+1 2 ! 
2 I I 
0---+1 I 
1 . I 
2 ~ i 
2 I 
_____ _ ____ J __ _ 
t+x+1 
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TABLE 3 (Contd) 
el.div. of X m(epl!) A(CPIJ.) B(ep/!) I Cu ( 6, 2 ) (X) I 
epl! 
III t+1 2 2.32 
t+x 2 2.32 
t+x+1 2 2.32 23 .36 
r .-- --- ----
t 3+X 1 32 
t 3+x+1 1 
. 2 34 3 
III 
t--- -- - -
r t 3+x 1 32 
t+x+1 1 3 1 
























I-- . __ ._--->---- --
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TABLE 3 (Contd) 
el.div. of' X m(<pI-L) A(CPI-L) B (cpI-L) I Cu ( 6, 2) (X) I 
cpI-L 
r 
t 3+X 1 32 
t+x+1 1 3 
t+1 2 2. 32 2 . 3 5 
t 3+x 1 
t+1 1 
t+x 2 
t 3+x 1 
t+x 1 
t+x+1 2 
t 3+X+1 1 
t+x 1 
t+1 2 
t 3+x+1 1 
t+x+1 1 
t+x 2 
t 3+X+1 1 
t+1 1 
t+x+1 2 l 
t2+xt+1 } 1 3.5 t 2+(X+1)t+1 
(t+1)2 1 2 1 3 42 2 .3 . 5 
t2+t+x+1 1 
t 2+(X+1)t+X+1 J 
1 
. 2 (t+x) 1 
I----- ---_ .. - 1------ . 2 } t +t+x 1 2 t +xt+x 
(t+X+1)2 1 
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TABLE ':3 (Contd) 
el.div. o:rX ~(cplJ.) A(cpll ) B(cpll) ICU(6,2)(X)! 
cplJ. 
. t2+xt+1 } 1 3.5 t 2+(X+1 )+1 
2.32 3 t+1 2 2.3 .5 
1-- --
t2+t+X+1 } 1 
. t 2+(X+1 )t+x+1 
t+x 2 .. 
. -
t2+t+x } '1 t2+xt+x 
t+x+1 2 
t----
t2+xt+1 } 1 3.5 t 2+(X+1 )t+1 . 
t+x 1 ? 
t+x+1 1 3 33.5 
t2+t+X+1 } 




t2+t+X } 1 t2+xt+X 
t+1 1 
· t+x 1 
t3+t +1 
.} 1 32 .7 32 .7 t 3+t2+1 
t----. .-
t 3+xt+1 } 1 t 3+(x+1)t2+1 
- .-- ------
t 3+(x+1 )t+1 } 1 t 3+xt2+1 
49 
TABLE :.2 (c ontdl 
r---
el.div. of X m(cplJ.) A (cpl-L) B(CPI-L) ICU(6, 2) (X ) I 
cplJ. 
t 5 +xtJI'+t3 +t2 
+(X+1)t+1 1 3.11 
t+1 1 3 32.11 
t5+~X+1 )t4+t3 

















On restriction to SU(6,2) all conjugacy classes 
remain unsplit except the 3 sets of 3 each marked by ~. 
These 9 exceptional classes each split into 3 conjugacy 
classes in SU(6,2). This is because they consist of 
matrices similar to ones of the form a 1 
I 
a 1 I 
at 








The determinant of any matrix in the centralizer of a 
matrix of this type is 1 as a 3=1 for all a e GF(4)\{O}. 
Z(U(6,2)) = Z(SU(6,2)) and has order 3. On factorizing 
but this centre all conjugacy classes except those marked 
by * fuse to others in the same bracket. (The brackets 
containing 6 conjugacy classes of U(6, 2) yield 2 classes 
in PSU(6,2).) The classes marked by * give just one 
conjugacy class with 1/3 of the orc"i.e r of t he class in 
SU(6,2) • 
He nce PSU(6,2) has 46 conjugacy classes. (See TABL"S 
5 .) 
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§10 Characters of PSU(6,2) 
We determine the characters of PSU(6,2), X(~) 
1 
i=1, ••• ,46 mainly from characters induced from the subgroup 
PSU(5,2) of index 672 and the simple subgroup PSn-(6,3) 
of index 2816 (Lemma 1.3). 
We first discuss the 2 rank 3 represent~tions of 
degrees 672 and 693, ~672 and ~693. 
The number of points in PG(6.4) = 1+4+ ••• +4 5 = 1 -:. 65. 
Now we recall from ~8 that:= 1 (.1) =1 if and only if Z 
h ~ls an odd number of non-zero coordinates. ICe) = 0 if 
and only if ~ has an even number of non-zero coordinates. 
Therefore the number of non~isot_opiC points is 
6 2 6) 4 6 + (3).3 + (5.3 = 672. The number of isotropi-c points 
is (g).3 + (t).33 + (~).35 = 693. 
As in §8 for PSU(5 ,2) the character of the represent-
ation on 1365 points can be calculated with knowledge 
of the elementary divisors of the element. 
_ _ (v(5))PSU(6,2) _ (1 )PSU(6,2) 
"672 - ,.. 1 - PSU(5,2) • 
Hence we calculate ~672 and ~693 on all the conjugacy 
classe~ of P8U(6,2). 
We now apply the rank 3 results from ~ 5. 
~672 : n=672 k=176 
JJ.1 = k(k-A. -1) 
1=495. A. =40 
(~quation 5.3) 
Therefore ~ = 176.135/495 = 48. 
d = (A _~ )2 + 4(k-A) = 576 = 242 • 
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= 2k + (A~)(k+l) + Vd(k+l) 
=F 2Vd 
(Equation 5 . 4) 
'1:"693: 
= 2.176 + (-8).641 + 24 .671 T 2.2 
= {440,231 J. 
n=693 k=180 1=512 A=51 
J.L = 180 .128/512 = 45. 
2 2 d = 6 + 4.135 = 576 = 24 • 
{f2 ,f'31 = 2.180 + 6.622 ± 2~ . 622 T 2.24 
= {440, 2 521. 
't"672 is non-zero on 31 of the 46 conjugacy classes. Hence 
the values of these irreducible characters of degrees 
231,252 and 440 can be determined on the 31 classes by 
restri cting the permutation characters to PSU(5,2) . The 
remainj ng 15 conjugacy classes fall into 3 ~ets of 3 
(with t he same elementary divisors) and 6 others. The 
sets of 3 correspond to the 3 conjugacy classes of 
subgroups isomorphic to PSn-(6,3) and the values of these 
characters is therefore constant on a given set of 3 
conjugacy classes. This information is sufficient to 
determine the values of the characters of degrees 231,252 
and 440 on all the conjugacy classes. 
PSU(6,2) contains 3 conjugacy classes of subgroups 
isomorphic to Pn-(6,3) (Lemma 1.3). These subgroups are 
of index 1408 in PSU(6,2) and they contain subgroups of 
index 2 isomorphic to psn-(6 , 3). The character table of 
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Psn-(6,3) ~ PSU(4,9) has been calculated by L. Finklestein, 
a research student at the University of Birmingham, and it 
is presented as table 4. 
pgn-(6,3) can be embedded in PSU(6 , 2) in precisely 
3 ways:= I conjugacy class con j ugacy class 








3 ,,' 35 
3"" 35 
9' 36 
I 9" 36 
I 9'" 39 9"" 40 
! 6' 24 6" 18 I 
I 6'" 33 
12 29,30, 31 I 
, 5 I 42 L 7' I 46 J 7" 46 
---- -------- ------ --
The numbers for P8U (6,2) are ob tained by counting 
from left to righ t across the char acte r tab le , T:\BLE 5. 
The above solution to the fusion problem can e lther be 
obtained by group theoretical or character t heoretical 
methods. The easiest method is probably by restricting 
TABLE 4 
.. +" g 6 if 61'( S"" 7 I 7" 
s- 7 7 
2{ s I I - I 
I I { 
-6 3 
/ I I I I I 




?, I-I -/ 
1 
I I t 
3 ~ -/ -/ & - ( g i-I :2 !2 -I . -/ 0 13 . 0 0 0 0 0 
-2, 2. . 0 q I q q 10 0 ' 0 0 0 i I I 0 -/ -/ 
-41 s- . - ( I _ ( - I -/ 3 0 0 I 0 -0 - 0 
I I 
-----.. - . 
140 12 4- 0 0 S- -4 
- - ~ - -L 
o 0 3 000 0 
r-
IS 1 -3 S- ' I ' 121 ' 0 o 1 0 0 0 0 0 3 0 0 -I I -t 0 0 
I 
"000 «'8' -, 0 - 2- - -2 -..(. C> 2 I 3 3 3 0 o · 0 i 0 S- - 1 - / 




o 10 0 (0 I I I I 0 I i 1+3,0 I ~ 3p I I - 2 
I 
.. - - ---
· 2 0 I 0 a· 0 
-2 0 ' 0 0 0 
2~O -5 0 I 0 10 If 0 (0 I ( 
uo -- g 0 10 10 10 10 . I 
{ J t3p 't 51' -2 -2. { o 000 
I 113,0 1+5;> 1-2 .2- J 0 1000 
-/ I -t ·tt I r, - 1 0 0 0 0 0 - ( .2. I . I -/ 0 o 0 
-/ I - I .q -&( 1& 0 o 0 0 a :-/ -( :z -/ 0 o 0 
- -. - ---- ~----+----
o 0 -- 5 q (; 6 .-3 i 0 0 0 0 , I -2 -2. I 0 0 0 
- -- - - -I- • - --
$60 -(6 0 o 0 1- ~1' 2 2- .2 - ( -( I -( -( 2 2. :z. 0 0 0 0 
-__0_. - .. ----r- ---~------.. 
.I, 7 64f-O 0 0 0 0 1_8 -[; - g ( 0000066 
coooo:?6' 
. 
PI I 5 640 0 0 c) ,') ' -9' -<g -8 ( 
-, 10 . 0 . 0 0 C> COO 0 0 0 I 0 -/ 
- -.- - - . ----- -.-- .. _- --- ---------"""1 
o 0 32 -+ I -1" 1-1- : - I .- { ._/ - ( 0 0 0 C' I o 0 
• 
C 1-(If~ACT~~ TAda 0,: 
fSU('fj q) ~ P5JZ-(" J) OF 
OKOtl( 3~2 6'>; Q20 
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characters from PSU(6,2) to the subgroup. The character of 
degree 231 on restriction to PSn-(6,3) clearly splits as 
n2 + a 10 • As a 2 (2) + n10 (2) = 7 the involut ions are elements 
of T (see d1 for defn. ot T) . Therefore 2 fuses to 3. 
Similar arguments give the other fusions. 
The induced character (1 PSn-(6,3»PSU(6,2) is the 
sum of 5 irreducible characters including 1p c:m (6,2) and 
the character of degree 252 already determined. The method 
of determining the other 3 characters which is fully 
described below is used in several places in this thesis 
and in future will simply be loosely referred to as 
"restricting and splitting" . 
We aim to solve the equation 1+252+b+c+d for the 
degrees of the other 3 irreducible characters. However 
we know that the set of 5 degrees partition into 2 subsets 
each with sum 1408 . 
We restrict the character to PSU(5,2) . The character 
splits as X(5) + x(5) + X(5) + X(5) + X(5) + X(5) + x(5) 
1 ~ 10 16 3 4 6 
+ X(5) + X(5) + X(5) + X(5) + x(5) + )(5) + x(5) whi ch 
35 28 12 13 18 33 34' 
expressed as a sum of degrees is 1+252 +22+55+176+22 0+440 
+660+990 collecting those characters which make up the 
252 together. 
990+660>1408, 990+440>1408 • 
• • 1408=660+ 
440+ • •• 1408-(660+220+440)=86 which cannot be exp ressed 
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as a sum of the remaining degrees • ••• 1408=990+220+ ••• 
1408<990+220+252. 1408 - (990+220) = 198. 
1408 - (660+440+252) = 56 • 
• • 1408 = 1+252+660+440+55 
a nd 1408 = 990+220+176+22 
Now either 1408 = 1+252+b+c and 1408 = d~ 
or 1408 = 1+252+b and 1408 = c+d. 
We now restrict the character to Psn -(6, 3 ) and we get 
2816 = 5.1 + 3.21 + 189 + 729 + 4.90 + 3.140 + 2.315 + 420. 
In the first of the 2 cases we would have a cha r acter 
of P.3U ( 6 ,2) of ciegree either 55,440 or 660. Consideri ng 
conf.; rucnces mod 7 we see none of thes e 3 integers can be 
expressed as sum of numbers in the above equation. 
In the second case we alrea~v have b=11 55 . There nre 
just 2 partiti ons of {990,220,176, 22 } fo r which the sums 
both divide 215 .36 .5.7.11. 
1408 = 22 + 1386 or 1408 = 176 + 1232. 
176 cannot be expressed as a sum of numbers in the 
above equation. 
Therefore PSU(6,2) has a character of degree 22 and 
one of degree 1386. The values of these 3 char acters 
(degree 22,1155 and 1386) can now easily be deter1i1 .i. ned 
usillg the 1 conjugacy cla.ss of SUbSl~OU ... ) ':i isomOrL)hic to 
P3U (5,2) and the 3 conjug ·1c~r c11s8~s of su'.Jsrou.;:>s 
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§11 Conjugacy classes and character tables 
of Psn+(6,3) and Psn(Y.3) 
The conjugacy classes in orthogonal groups can be 
classfied us ing methods given by G.E. Wall [1 1]. The 
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situation is more complicated than in the unitary groups 




X e O(n,q) 
(t-1 ) 1 
(t+1 ) i 
cpf.L 
elementary 
and suppose its elementary divisors 
with multiplicity P'i. 
with multiplicity Vi. 
with multiplicity~. cp ~ t+1,t-1. 
divisors (t+1)2i+1 and (t_1)2i+1 a re 
called exceptional. 
As described in §4 there is associ a ted with X a 
sesquilinear form gx = [x,y] on Wx = Image(r-x). 
Lemma 11 .1 xl Wx = _p-1 
Now Wall [11] shows that := 
(a) Two elements X, YeO (n, q) are conjugate if and 
only if their forms are equivalent. 
(b) Equivalent forms have similar multipliers. 
(c) r~,wo forms with the same multiplier are not 
always equivalent_ We express a given form as a standard 
form times a representative. 
(i) Decompose P as a direct sum of multipliers, 
$Pi ; suppose Pi=P j if Pi is equivalent to P j • Construct 







(ii) Obtain one representative of each 
equivalence class of 'forms with multiplier P by 
multiplying 'f by the matrix Q = $Qii where Qii = I if i 
is not exceptional, and Q1i is a block matrix whose 
entries are in k[Id ~], where k = GF(q), and which eg .l.i 
satisfies Qii = (Qii)T, if i is exceptional. These 
'forms are in 1-1 correspondence with orthogonal forms. 
De'finition The Hermitian invariant *i (X) = type of Q1i 
as the matrix of an orthogonal form over the field 
k[Ideg f ], i.e. takes the value], ~ , ~ or £. i 
Let W2t-1 (X) and '21+1 (X) be the Hermitian invariants 
associated with the elementary divisors (t+1)2i-1 and 
(t_1)2i+1 of X respectively. *2t-1' *21+1 ar e bilinear 
'forms over GF(q). De'fine *~ as the type of the core of 
F on W • 
Theorem 11.2 (Wall [11]) 
(i) X is similar to an element of some orth ogonal 
group O(n,q), if and only if, 
(a) X N X*-1, 
(b) Each elementary divisor (t ± 1)2k of X has even 
multip licity . 
59 
(i ) ' Let n be even and suppos e that (a ) and (b) 
in (i) are satisfied. If any elementary divisor (t ± 1)2k+1 
has positive multiplicity, X is similar to an element of 
O+(n,q) and also to an element O-(n,q). If every such 
elementary divisor has multiplicity zero, X is similar to 
an element of O+(n,q) rO-(n,q)] if and only if ~ )J.m(cp)J.) 
== a r 1 ] (mod 2). 
<P , )..!. 
(ii) 2 elements X, Y of O(n,q) are conjugate in 
O(n,q) i f and only if 
(a) X '"' Y, 
(b) *;i+1(X) ~ V;i+1(Y) and V2i+1 (X) ~ V;i+1(Y) 
(1 = 0,1, ••• ). 
( iii ) Le t ~, k~ denote the numbers of conjugacy 
clas ~3 es in 0+ (n, q), 0-(n, q) respective ly. Then 
00 + n _ 00 E1+t27\.-1 )4J ~ (kn + k~) t - II 1- t 27\. n=O A. =1 q 
'i (+ -) n 00 ~_t4A~j 
n=O kn - kn t = IT 1-qt 
. 7\.=1 
(iv) Let X e O(n,q). Then the order of Co(n,q)(X) 
is IT B (q» where 
q> Z · 1() 2 
B(q» = Q ~<v)J.m)J.mv + a2 ~-1 ~ n A(q>~) 
where Q = qlq>', ~ = m(q>)J.) and 
.. 
I U(m , Q) I (q>= cp) ( <Pt t±1 ) 
J.L 1 
A(q>f.t) IGL(m~, Q) 12 (q>~ <p) (<p~ t±1) = IO(~, Q )1 (q>=ti;.1 ) ( ~ odd) 
1 
q -2~ 18p(~, Q) I (q>=t±1 ) ( f.t even) 
Here O(~,Q) is the ort~ ogonal group of the 
+ 
corresponding Hermitian invariant *~(x). qq 
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To determine all the conjugacy classes with given 
elementary divisors £ or ~ is assigned to an elementary 
divisor (t±1)n, n odd if its multipli city is odd and.Q. 
or JQ is assigned to i;he same elementary divisor i f its 
multiplicity is even. The assignments are made such that 
+ { .1 the total sum Z 1j.r~(X) + Z mlJ.e!.!l = according . J.l. J.L .Q. CPtt~1 w -{ O(2n+1'i as the group is O+~2n,q 0- 2n,q • 
When 9.=3 the addition table for Nitt invariants is 
+ 0 1 w 6 
-. 
0 0 1 w 0 
1 1 w {) 0 
w w 6 0 1 
b 6 0 1 w 
~  an example the conjugacy classes in 0(7, 3) with 
elementary divisors (t-1) 3,t-1, t+1 , t 2+1 are 4 in number 
with Witt invariants "'~ *;- *+ 1 
6 1 . 0 
0 0 1 
1 0 {) 
1 1 1 
The orthogonal groups occurinG as subgroups of M(22) 
that we deal with in this chapter are all orthogonal 
groups over GF(3) and subgroups o~ psn(7,3). 
The irreducible polynomials over GF(3) of degree 
~ 7 are as ~ollows. 
SELF-CONJUGATE 
degree 1 t+1 , t-1 ; 
degree 2 t 2+1 ; 
degree 3 none 








t 6+t 5+t3+t+1, 
PAIRS 
t 3 -t+1 , t 3 _t2 +1 ; 




6 5 3 t -t -t -t+1. 
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§12 Conjugacy classes in PSn+(6,3) 
We f irst apply Theorem 11.2 to find the conjugacy 
classes in 0+(6,3). 
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Fo r convenience we list here the order of all general 
line a r, symplectic, unitary and orthogonal groups needed 
for ~inding the orders of the centra lizers of elements in 
0+(6,3) and 0(7,3). 
group order 









0+(6,3) 96 · 2 .3. . 5.13 
0-(6,3) 21°.36 .5.7 
I 0(7,3) 11 9 2 . 3 .5.7.1 3 U(1,9) 22 i 
, 
, 
U( 1 ,81 ) , 2.5 , I 
U( 1, 729) 22 .7 , 
I 
I 
I U(2 ,9) 25.3 I I 
U(3,9) 27.33.7 
! I , 
I GL(1,9) 23 I I 1 I 
GL( 1,27) 2.13 I I 
I 
Sp(2,3) 23 .3 
-. ---.~--- _ .. -
_J 
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v. 01: X .+ .. + .+ .- .- .- A( ,J.L) B(cp ) 1°0+ 
m(cpJ.L) 1 3 5 135 




















































1 1 6 
I 
--- - -









1 1 6 
. _. __ ._ ... 
-----
, 
2 I a 
1 I 
1 I 6 
- - -





2 .3 .5.13 
-
22 
3-1 23.3 34+t.22 !25. 




2 33+{. .2 25.3 5 
--~--.- ,.... 
24.3 
5 2 33+t .2 25.3 









31+~ .4 22.3 









.• __ .--1 
TABLE 6 (Contd) 
~-- . -
el.div. of X ljr+ ljr+ ljr+ ljr - ljr - . V- A(q>fl) B(q» ICO+(6,3) (x)/ 
q>fl m(cpfl) 1 3 5 135 
- --- - . -- - -.- .------- - ------- -
_ .. - - - j ~- -
-- -
-.-
t (t-1 ) 5 1 2 
t+1 1 0 1 2 3 ·~· ·4 22 .32 
- - ----






(t-1 ) 5 1 2 
t+1 1 1 ~ 2 3-& ·4 22.3
2 
f-- -._- -- . .. _-
- -' . ~-- -
_.- - _ .
t+1 5 28. 34.5 










t+1 5 28 . 34 .5 
t-1 1 1 ~ 2 9 •34 .5 
I 
2 I 
~ - - _. _. -. ~ ~ 
t (t+1) 2 2 3-1 23 .3 I 
t+1 1 2 I 
t-1 1 0 1 2 32+2 2 5 •34 l f-. , -- - --. -(t+1)2 2 3-1 23 .3 
t+1 1 2 I , I 
t-1 1 1 0 2 ' 32+2 
.1 ~5 .34 I 
f- .- - f--- -- . -- f- --- - - I (t+1)3 1 2 i 
t+1 22 I 
I 
2 
124 . 33 t-1 1 0 1 0 2 __ 1 32+_~ .2 
-
-- - -
.- . --~ -
, 
-- . __ .. ---. ----
, 
1 
(t+1)3 1 ·2 I I I 
t+1 2 2 3 I I I 





(t+1 ) 3 1 2 t 
t+1 2 22 




-- --t - - -- - "- -- _. - . --
I (t+1 ) 3 1 t 
I 
23 t+1 2 





TABu:: 6 (Contd.) 
el~-diV. -~f~lw~--~; w; "'~ *3 w; ;\ (cp!l) 
cpl1. m ( cp!l) ! 
- --- -- -+- ---- --- - - ---
t+1 1 1 




, t-1 5 
I , 
t+1 1 ' 0 1 :2 
t-1 
1 
, ---------.-.----- ~-- -- 1-----·----
5 i 28.34.5 
1 I 1 0 ,2 ! t+1 
1
_ - --- ---- - -----I' . - -- ~ I - ----. 
I t-1 I (t-1 ) 2 
I t+1 
t-1 
: (t-1) 2 
L t+1 

















3-123 . 3 
2 







I () o 1 1 1 32 +~- . 2 ' 24 . 3 3 
I (t-1) 3 
t-1 
t+1 
I (t-1 ) 3 
I t-1 
i t+1 1- -- ---













t+1 1 1 w 1 





! 2 5. 33 
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2 
0 1 2 
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1 4 2 ') , 3 -~i . 2.3"- I 
---.- -------- ---~ 
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1 0 2 
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27 
0 0 22 
2 5 
w W 23 
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T_ABL~ 6 (Contd .) 
1 () j O 
I 
! I I I 
I 
i 
I 3 1 +-;~ • 2 2 5 . 32 









TPBLE 6 . (Contd.) 
t i 1V-. :~!~~ l·~*; -{T·1.~V ~ -A( ~M~ _ B~:)-yc~+ (6 . ~) (1 
! (t+1) 3 1 I 2 _I I 
1 A 24 7 3 05 _2 I I t -1 3 v • :J ~- • :; 
.. _- -- .--------~- ~~. - ---- --~- . -~'.- --- -... ------ - ' 
I (t+1) 3 I 2 
: t -1 1 24 . 3 3 ! 2 5 .32 
(t-1 )3 
(t+1)3 
I (t-1) : 
I (~~~) ~ ___ _ 
* I (t-1) 3 
I t-1 
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1 2 1 
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i t+1 1 , ! 
t 2 +1 
I 
I 1 ; 0 







i t 2 +1 
L 
I i t+1 
: t-1 





I t 2+1 
I 






3 I I 
1 ! 
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1 ; 1 
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1 
1 it 2 +1 1 1 




I (t+1 ) 3 
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TABLE 6 (contd.l 
el.div. of X t+ t+ ,+ ljI ~ '" 3 ljI 5 A(epl!) B(ep) ICO+(6, 3 ) (x )1 
<pI! m(q>I!) 135 
t-1 2 2 3 
t+1 2 22 
It 2+1 1 0 (A) 22 27 
t-1 2 22 
t+1 2 2 3 
t 2 +1 1 (A) 0 22 27 
-
---- I-" 
t-1 2 22 
2 
t +1 2 0 2 5 .3 2 7 . 3 
• t+1 2 22 
t 2 +1 2 0 2 5 .3 2 7 .3 
~" 
t t-1 1 2 
t+1 1 2 
,t 2 +1 2 6 1 2 5.3 2 7 .3 
I t-1 1 2 
t+1 1 2 
t 2 +1 2 1 6 2 5 .3 2 7 .3 
--
t-1 2 22 
(t2+1)2 22 1 24.3 1 0 92 
* t+1 2 22 
(t2+1) 2 22 1 24.3 1 0 92 
t t-1 1 2 
t+1 1 2 
(t2+1 )2 22 1 24.3 1 6 1 92 
"--.- -
t-1 1 2 
t+1 1 2 
(t2 +1 )2 22 1 24.3 1 1 0 92 
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T.'illLE 6 (Contd.) 
.-
el.div. 01' X t+ t+ ,+ '1 t; .5 A(q>J.L ) B(q» ICO""(6,3) (x)1 
q>J.L m(q>Il) 1 3 5 
f--. 
t-1 2 0 22 
2 
2 3 2 5 t 2+t-11 1 t -t-1 
f-- ----- .. -
t+1 2 0 22 
2 
23 2 5 t 2+t-11 1 t -t-1 
~---.-.- . 
t+1 1 2 
t-1 1 2 
2 
23 2 5 t 2 +t-1 J 1 (i' 1 t -t-1 
t t+1 1 2 
t-1 1 2 
2 
2 3 2 5 t 2 +t-1 J 1 1 (} t -t-1 
t-1 2 23 
t 4+t3+t2 
24.5 +t+1 1 CJ.) 2.5 
t+1 2 23 
t 4+t3+t3 
24.5 +t+1 1 00 2.5 
t t+1 1 2 
t-1 1 2 
t 4+t3+t2 
23. 5 +t+1 1 (} 0 2.5 
t----- .. _ .._---
t+1 1 2 
t-1 1 2 
t 4 +t3+t2 
23. 5 +t+1 1 1 1 2.5 
.. 
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TABLE 6 (Contd.) 
• 
el.div. of X t+ .+ v+ 1111" ,; "'5 A (cpJ.l.) B (<I» ICo+(6,}) (Xli i 
cpf..l. m( cpf..l.) 135 
_____ 0_. r-- '- - -
It -1 2 23 
t 4_t3+t2 
24.5 -t+1 1 U) 2.5 
• t+1 2 2 3 
t 4 _t 3+t2 
24.5 -t+1 1 U) 2.5 
it+1-- 1 
t+1 1 2 
t-1 1 2 I 
t 4 _t3+t2 
23. 5 -t+1 1 [) [) 2.5 
------
t+1 1 2 I I t 




-t+1 1 1 1 2.5 I f--.----.. 
1 t 2 +1 1 22 I t 4+t3+t2 
+t+1 1 2.5 23 . 5 I 
-
t* '1 t 2 +1 1 22 
t 4_t3+t2 i 
23. 5 I -t+1 1 2.5 
t3_t~1 1 
t 3-t +1 1 2.13 2.13 
3 t -t -11 1 2.13 2.13 t 3+t2 _1 
-- --- -_.-




t 3+t2+t-1}1 2.13 2.13 t -t -t-1 
t*<l 
The conjugacy classes of 0+(6,3) which lie in 
SO (6,3) are marked by *. 
The conjugacy classes which lie in n+(6,3) are 
marked by t. 
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The non-trivial central element lies in O+(6,3)\n+(6,3). 
Theref ore no conjugacy classes of 0+(6,3) split in n+(6,3). 
The conjugacy classes whose centralizer consists 
entirely of matrices of determinant 1 are marked by ~. 
Hence those classes of 0+(6,3) which are marked by ~ 
and which lie in an (6,3) = Psni6,3) split into 2 
conjugacy classes in Sn+(6,3). 
Hence PSn+(6,3) has exactly 29 conjugacy classes. 
Psn+(6,3) = PSL(4,3). 
IGL(4,3)/ = (34_1)(34_3)(34_32)(34_33) = 29 .36 .5.13 
ISL(4,3)/ = 28 .36 .5.13 
IpSL(4,3) 1= 27 .36 .5_13. 
TABLE 7 Conjugacy classes in PSL(4,3) 
~iV. of: X ICpSL (4,3) (X) I I o(X) q>~ _ m{ q>~) +--I 7 6 ~~-- 4 2 .3 .5.13 1 -- - --
t-1 2 
~ J~~1) 2 1 23 .36 3 I --
(t-1 )2 2 23 .35 3 
(t-1 ) 2 2 23 .35 3 
r--- -- ----- - -----
(t-1 ) 3 1 
t-1 1 34 3 
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TABLE 7 (Contd.) 
el.div. 01.' X I CpSL (4,3) (X) I o(X) 
cpJ.L m(cpJ.L) 
r----- -
(t-1 )4 1 33 9 
- ----- - --- --
(t-1 )4 1 33 9 
t-1 2 
t+1 2 27.32 2 
(t-1 )2 1 61 t+1 2 23.32 
r--------- ------ ----- - 1--- ----------, - 1 (t-1 ) 2 1 (t+1)2 1 22.32 6 
(t-1 )2 1 
(t+1)2 1 22.32 6 
t-1 2 
t 2+1 1 2 5.3 4 
r---
(t-1 )2 1 








t 2+t-1 1 
2 t -t-1 1 2 5 I 4 
-
t-1 1 
3 t -t-1 1 13 13 
- ------- - - ---
t-1 - 1 
t 3+t2 _1 1 13 13 
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TABLE 7 (Contd.) 
-
el.div. of X ICpSL (4,3) (X) I o(X) 
cpJ.l. m(qP) 
t-1 1 
t 3+t2+t-1 1 13 13 
t-1 1 
3 2 t -t -t-1 1 13 13 
- -
t 2+1 2 26 •32 .5 2 
--- ----
_. _--r (t2+1)2 1 23 •32 6 
, 
(t2+1)2 1 23. 32 6 
-
t 2+t-1 2 25. 32 .5 4 
(t2+t_1)2 1 22.32 12 
(t2+t_1)2 1 22.32 12 
t4+t2+t+1 1 22.5 20 
t 4+t3_t+1 1 22.5 10 
r----
t 4+t3+t2+11 22.5 20 
r----
t 4+t3+ 
22.5 t2+t+1 1 1 ___ 5 
The map between conjugacy classes in PSL(4,3) 
and Psn(6,3) is uniquely determined up to conjugate pai rs 
o~ conjugacy classes. 
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§13 Characters of pgn+C6,3) 
PSL(4,3) acts on PG(4,3)_ 
There are 1+3+32+33 = 40 points in PG(4,3). This is 
a doub l y trrulsitive representation of degree 40. Hence 
it yields a character of degree 39 = ~2 s 
There are 40 .39/4.3 = 130 lines in PG(4,3). The group 
is a rank 3 group on these 130 lines and the corresponding 
character splits as 1 + ~2 + ~3' ~3 a cha racter of degree 
90 . 
/pgn+(6,3) : Psn(5,3)1 = 234. Indeed there are 2 
conjugacy classes of subgroups isomorphic to P8n(5,3) in 
Psn+(6, 3) . The group is a rank 5 permutation group on 
the set of 234 conjugates and the character splits as 
1 + ~3 + 13 4 + ~5 + 13 6 -
The degree 13 4 + degree ~5 + degree i36 = 143. 
By restricting and splitt i ng this character on 
PSL( 3,3 ) and psn(5, 3) the degrees of the 3 characters 
are found to be 26, 52 and 65. The values of the characters 
on all conjugacy classes can also e asily be found . 
The remaining 21 characters can easily be found by 
inducing characters from PSn(S,3) and by forming tensor 
products from the characters of small degree already 
calculated. mhe complete character table is presented 
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§14 Conjugacy classes in PSD.(7,3) 
i-Ie apply Theorem 11.2 to find the conjugacy classes 
in 0(7,3). We list below the conjugacy classes of 0(7,3) 






-1 is central and has determinant -1. 
Therefore 2!C80 (7,3) (X) I = IC O(7,3) (X)! for all X e 0(7,3) 
and therefore no conjugacy classes split in 80(7,3). 
The conjugacy classes of 80(7,3) which lie infl(7,3) 
are marked by t. 
The conjugacy classes for which IC80 (7,3)(X)/ = 
ICsn (7,3)(x) 1 are marked b7 *, i.e. these classes yield 
2 conjugacy classes in sn(7,3). 
For some classes it is immediately clear that 
/C80 (7,3)(X)/ = 2 /Csn (7,3)(X)/. e.g. those for which 
the elementary divisor t+1 or t-1 occurs with multiplicity 
greater than or equal to 2. 
For other classes it is hecessary to construct 
actual elements with given elementary divisors. 
G.B. Elkington has shown me a way of echieving this aim 
by varying the orthogonal form to suit the element X. 
e.g. Let X have the following elementary divisors 
and Witt invariants:= t+1 1 0 
(t+1 ) 5 1 0 










TABLE 9 Conjugacy classes in 0(7,3) 
el.div. of X ,+t+t+ V~V3'5'7 A(q>~ ) B (q> ) q>~ m(q>~) 1 3 5 
t-1 7 1 11 9 2 .3 .5.7.13 
1--- . 
t-1 3 24.3 36+~.22 (t-1 )2 2 1 3-123 .3 
- ~. -
t-1 4 27.32 
(t-1 )3 1 o 1 2 34+,;..2 
t-1 4 21 .32 .5 
(t-1 ) 3 1 W 0 2 34+.;- .2 
(t-1 )2 2 3-123 .3 
34+-&22+1 (t-1 )3 1 1 2 
r-' 
t-1 1 2 
1 22 (t-1 ) 3 2 1 0 22 32+22 • 
- -
t-1 1 2 2 1 2 (t-1 ) 3 2 o W 23 3 +"22 •2 
t-1 2 22 
(t-1 ) 5 1 
° 
1 2 32+.;. .4 
. 
t-1 2 23 
(t-1 ) 5 1 W 0 2 32+.;. .4 
(t-1 ) 7 1 1 2 3! ·6 
-
t+1 6 9 6 2 .3 .5.13 
t-1 1 0 1 2 
, 9 6 t+1 6 2 .3 .5.7 
t-1 1 W 0 2 
7(3 
100(7,3) (X) I 
11 9 2 .3 .5.7.13 
--
27.39 
28. 37 I 











TABLE 9 (Contd.) 
,-------




t+1 1 2 
I 
, t-1 1 o 0 0 2 31+t .4 23 .33 
-- '-- --
-- I (t+1 ) 5 1 2 t 
t+1 1 2 
t-1 1 1 1 () 2 31+t .4 2 3 .33 
t-1 5 28.34.5 
t+1 2 0 1 22 210.34.5 
- -
t t-1 5 28. 34 .5 
t+1 2 (J.) 0 23 211 .34 .5 
---- -.-- - - .. - -- -
t-1 1 2 
(t-1 )2 2 3 - 123 .3 
1 2 
t+1 2 0 1 22 32+-2- . 2 26. 34 
t t-1 1 2 
(t-1 )2 2 3-12 3 .3 2 1 2 
t+1 2 CD 0 23 3 +:.? 2 27.34 
~-
-
(t-1 ) 3 1 2 
t-1 2 22 
t+1 2 0 o 1 22 32+t .2 2 5 .33 
~---
(t-1 ) 3 1 2 
t-1 2 ' 23 
t+1 2 (0 w 1 123 32+~ .2 27.33 i 
t 
(t-1 )3 I 1 2 t 
t-1 2 2 3 
t+1 1 (0 o 0 22 32+t•2 2 6 .33 
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TABLE 9 (Contd .) 
--
ICO(7,3) (X) II el.div. of X *+\f1+*+ *~*3*5*7 A(cpI-L) B (cp ) 
cplJ. m(cplJ. ) 135 
I 
t+1 2 22 
(t+1)2 2 3- 123.3 
4 12 t-1 1 0 1 2 3 +"2 . 2 26 .36 
t t+1 2 23 
(t+1) 2 2 3-123 .3 I 
4 12 t-1 1 CJ.) 0 2 3 +'2 . 2 26 .36 
- 1--
(t+1)3 1 2 
t+1 3 24 . 3 I t-1 1 o 1 1 2 33+~- .2 26 -z5 
.:; . ----1 --- - _ . .. 
(t+1)3 1 2 
t+1 3 24.3 I 
t-1 1 1 0 1 2 33+~' .2 26 . 3 5 I I 
-
-I (t+1)3 1 12 
t+1 3 ' 24.3 I 
t-1 1 o 0 0 2 33+';- .2 26.3~ 
(t+1)3 1 2 I 




(t+1)3 2 22 i 
- 1 2 I 32 • 2 •2 23.34 
I 
t-1 1 0 1 2 I 
----




2 ! I 
t-1 1 w 0 2 34 24 .34 I 
--
t 
(t+1 ) 5 1 2 ! 
t+1 1 2 I 





(t+1)5 1 2 
t+1 1 2 
t-1 1 1 0 1 2 31+-1 .4 23 .33 
.- ---
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TABLE 9 (Contd.) 
~-- -
e 1. di v. of X 1jI + 1jI + 'it + 
'1"'3' 5' 7 A(<?~) B(<p) ICO(7,3)(x)1 cpI-L m(cpI-L) 135 
(t-1 )3 1 2 
t-1 2 22 
t+1 2 0 Cl) 0 23 32+ ·~- .2 26 .33 
r-.-- - --- ---
(t-1) 5 1 2 
t+1 2 0 1 22 3~ ·4 23 •3 2 
t (t-1) 5 1 2 
t+1 2 CI) 0 23 3~ ·4 24.32 
t t+1 4 27.32 
t-1 3 0 1 24.3 211.33 
t+1 4 25.32 .5 
t-1 3 
, () 24.3 29. 33. 5 (z) 
-
-
(t+1 ) 2 2 3-123 .3 
1 22 
t-1 3 1 24.3 32 • 27 .33 
t 
r-- .-- .------ ---_.-
t (t+1 ) 3 1 2 
t+1 1 2 
t-1 3 () 1 1 24.3 31+~ .2 26 .33 
(t+1 ) 3 1 2 
t+1 1 2 
t-1 3 o () 0 24.3 31+t .2 26 .33 
(t+1 ) 3 1 2 
t+1 1 2 
t-1 3 1 1 0 24.3 31+~ .2 26 .33 
t (t+1 )3 1 2 
t+1 1 2 
t-1 3 1 0 1 24.3 31+~ .2 26 .33 
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TABLE 9 (Contd.) 
el.div. of X ,+,+,+ *;.;,;t7 A(tpJ.L) B(ep) ICO(7,3)(X) I 
cplJ. m(tpJ..L) 135 
t+1 4 27.32 
(t-1 )3 1 0 1 2 3~ ·2 28 .33 
t t+1 4 25.32 •5 
(t-1 )3 1 , 6 2 3~·2 26 .33 .5 
(t+1)2 3-123 .3 
1 2 
2 32 • 2 
(t-1 ) 3 1 1 2 3i .2 24.33 
(t+1)3 1 2 
t+1 1 2 31 +-~ .2 
(t-1 ) 3 1 6 1 1 2 3~ ·2 23 .33 
t 
--
(t+1 )3 1 2 
t+1 1 2 31+f •2 
(t-1 ) 3 1 6 6 6 2 ,1· .2 3 ~ 2 3 .33 
_. 
(t+1)3 1 2 
t+1 1 2 31+';".2 
(t-1 ) 3 1 1 1 6 2 3* ·2 23 .33 
(t+1)3 1 2 
t+1 1 2 31+~- .2 
(t-1 )3 1 1 6 .1 2 3t .2 23 .33 
--
t~1 5 28.34.5 
t 2+1 1 6 22 210.34.5 
~. 
-
(t-1 )2 2 3-123 .3 
t-1 1 2 32+~ .22 t 2+1 1 6 22 26. 34 
t-1 2 22 
(t-1 )3 1 2 
t 2+1 1 o 0 22 32+-~ .2 2 5.33 
8 3 
TABLE 9 (Contd.) 
el.div. of X t+t+t+ t~t31jf5·7 A(CPI-L) B (cp ) ICO(7, 3) (X) I 
cpJ.J. m(cpJ.J.) 135 
t-1 2 - 23 
(t-1 )3 1 2 
t 2+1 1 (1) 1 22 32+-;- .2 26 .33 
(t-1 ) 5 1 2 
t 2+1 1 0 22 3}- ·4 23.32 
--'- 1---- - -'-- --_ ._ -- 1----
t+1 4 27.32 
t-1 1 2 
t 2+1 1 0 0 22 210.32 
t t+1 4 25. 32 •5 
t-1 1 2 
t 2+1 1 w 1 22 28.32.5 
I--- --- - -- --- _._ - -- ,.-------- .. -
(t+1)2 2 3-123 .3 
t-1 1 2 1 2 
t 2+1 1 0 22 32 • 2 26. 32 
.... ---
t (t+1)3 1 2 
t+1 1 2 
t-1 1 2 
t 2+1 1 1 1 1 22 31+';' . 2 25 •32 
t (t+1)3 1 2 
t+1 1 2 
t-1 1 2 
t 2+1 1 o 0 1 22 31+~ . 2 2 5•32 
1--- -- - --- -
(t+1)3 1 2 
t+1 1 2 
t-1 1 2 
t 2+1 1 1 b b 22 31+';' . 2 2 5•32 
... - --,. 
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!,ABLE 9 (Contd.) 
'- ._-._.' --
el.div. of' X 
'" + '" + '" + ljr ~ l!r ;l!r ;l!r 7 A (q>I-L) B(q» /CO(7,3)(X)1 q>1-L m(q>I-L) 135
-
(t+1)3 1 2 
t+1 1 2 
I t-1 1 2 
t 2 +1 1 o 1 0 22 31+-?: .2 2 5•32 
t t-1 3 24.3 
t+1 2 22 
t 2+1 1 0 0 22 2 8 .3 
t-1 3 24.3 
t+1 2 23 
t 2+1 1 (a) 1 22 . 2 9 .3 
'---_.- _.-
- -
t (t-1 ) 3 1 2 
t+1 2 22 il~~_-t 2+1 1 0 0 22 2 5.3 ~---- - 1------ ----
(t-1 ) 3 1 2 
t+1 2 2 3 I t 2+1 1 22 3 -;' . 2 2 6 .3 00 1 
--
t t-1 3 24.3 
t 2 +1 2 1 2 5 .3 2 9 •32 
--
--- --
(t-1) 3 1 2 
t 2 +1 2 1 2 5 .3 3t .2 12 6. 32 
t 
1---_.-
t+1 2 22 
t-1 1 2 
t 2 +1 2 0 1 2 5.3 2 8 .3 
t+1 2 2 3 
t-1 1 2 J t 2 +1 2 CJ) 0 2 5 .3 2 9 .3 
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TABLE 9 (Contd.) 
,.--- ' - ' - . -. _.- -- ~-. ---- ---.'- - ~-A-(<p!-L ) .- ------
el . div. of X * +1jf +l/T+ *~*3"'5*7 B(ep) ICO(7,3) (X) 1 
cpll m(ep!-L) 1 35 
.- -- 1--- - -- --
t t - 1 3 24 . 3 
( t 2+1 ) 2 22 
1 26.32 1 1 9';i 
- -_.-
.----- - ----_ . . 
( t-1 ) 3 1 2 3 -& ·2 
( t 2+1 )2 22 
1 
23. 32 1 1 92 
-- --------
t+1 2 22 
t -1 1 2 
(t2+1 ) 2 22 
1 
2 5 .3 1 0 1 9-;' 
1--- - - ---
t+1 2 23 
t-1 1 2 
(t2+1) 2 22 
1 
2 6 .3 1 w ~ 9~' 
-I ~.--t-1 1 2 t 2+1 3 ~ 2 7 . 32 .7 28 .33 .7 I 
-- - ----- -- -. -- . --- ------ -1 
t-1 1 2 
(t2+1)2 1 22 I 
t 2+1 1 {) 22 91+~ 2 5.33 -~ 
f--- . ~-- ---- ----f------ . --- -- -_._---_. - 1-- -----
t - 1 1 2 I 
(t2+1 ) 3 1 {) 22 9~- ·2 23 . 32 I 
.... ---
I 
-- ---- .- ---. --T -- f------- - - -- -
----l 
t - 1 3 24 . 3 
2 
t 2 +t-11 1 ' 1 23 27.3 t - t -1 
I e----- --- --
(t-1 )3 1 2 
2 
23 3t .2 24 . 3 t 2 +t - 11 1 - 1 t -t-1 
t+1 2 22 1 t 
t-1 1 2 
2 
23 2 6 t 2+t-11 1 0 1 t -t-1 
8 6 
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t+1 2 23 
t-1 1 2 
2 
. 23 27 t 2 +t-11 1 (a) 0 t -t-1 
t t-1 3 24.3 
t 4+t3+t2 1 0 2.5 5 +t+1 2 .3.5 
f-. 
(t-1 ) 3 1 2 
~~+f3+t2 3t .2 2 1 0 2.5 2 .3.5 
t 
_ _ • ______ • _ _ w 
4 __ _ _ • _ _ 1---
t+1 2 22 
t-1 1 2 




t t+1 2 23 
t-1 1 2 
t 4+t3+t2 
25 .5 +t+1 1 (a) 1 2.5 
t-1 3 24.3 
t 4_t3+t2 0 2.5 5 
-t+1 1 2 . 3 . 5 
- - --
(t-1) 3 1 0 2 
t 4_t3+t2 ~ 2.5 3~ ·2 2 
-t+1 1 2 . 3 .5 
- - _. -- - ----- - - ------ -- - -- -
t t+1 2 22 
t-1 1 2 
t 4_t3+t2 1 0 0 2.5 24.5 
-t+1 I 
t 




I t 4_t3+t2 
-t+1 
t-1 
t 2 +1 
2 
t 2+t-11 t -t-1 
t-1 
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t I t-1 1 
t 
t 
I t 2 +1 1 
Ilt4_t3+t2 
-t+1 1 
"- ~-.----. ~ - -- ~--- --+-----_4__------. -
2.5 1 
t-1 1 2 
3 2 
t 3+t 2 -t+1 11 
t -t +t+1 1 
2.13 
2.13 
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t6 .. t5~t4 
+t-'+t + 1 0 22.7 
I t+1 I I r t -1 ---- - -~ ----i------+-------+-2 - --r---- - - - ----l 
t~~;5_t3 1 I 0 22.7 2 3.7 I 
-- ----- r--.- - - f-------r---- - ---+----- .-r--- - I 
I 
23.7 ~ 1 1 
f'orm r:-t - - ~ - - - = A2 
I 11 
I I 1 
- 'f - T - .-
I 1 I 
" I L 
= X2 with 
has elementary divisor (t+1) 5 . 
The elements of' order 2 in the centralizer of' the 
element X = [-\2
1 
] with respect to too orthogona l f orm 
A [-1A:e_1] are [I115IJ rI1 15_IJ r11 - 15 11J 
Now a useful rule is that -I e n 
if and only if the determinant of' the f'orm 
is +1. 
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Therefore all 4 elements listed above e Sn(7,3) and 
hence /CSO (7,3)(X)/ = ICsn (7f3)(X)/. qq 
Hence we have that Sn(7,3) = psn(7,3) contains 58 
conjugacy classes. 
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§15 Characters of psn (7,3) 
We use subgroups isomorphic to PSn+(6,3), sn-(6,3), 
PSp (6,2 ) and Z 9 to calculate most of the cha r acters of 
PSD.(7,3) by inducing the characters of these subgroups. 
We als o use the rank 3 representations on points of the 
projective plane PG(7,3). 
The number of points in PG(7,3) = 1+3+32+33+34+35+36 
= (3 7-1)/(3-1) = 1093. 
The number of length 0 7) 2 5 364 = (3.2 + 7.2 = 
The number of length 1 = 7 + (~) .23 + 26 = 351 
The number of' length -1 = (J).2 + (~) .24 = 378 
sn-(6,3) is not a maximal subgroup of psn(7,3) but 
n-(6,3) is maximal of index 351. n-(6,3) is the stabilizer 
of a point of length 1 in the projective plane. 
Suppose n-(6,3) = sn-(6,3) U M. sn-(6,3). Then if Y 
is an arbitrary matrix in sn-(6,3) the group rr-(6,3) 













JlY -+ [~-~-J 1-1 
1 
wi th form 
-1 
i . e . adj oin t - 1 ~ or t +1 2 according as t he 
matrix has determinant 1 or -1. 
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The char acter t ab l e of PSn -(6, 3 ) has been pr esen t ed 
as TABLE 4. The conjugacy clas ses of n-(6, 3) and sn (6,3 ) 
are calculated USing Theorem 11.2 but as they are so 
simi l ar t o the earlier calculations for 0+( 6 , 3) and 0( 7, 3 ) 
these calcul ations are omit ted. 
lIenee a characte r of degr ee 351 , (1 rr -( 6 , 3) )P8n(7 , 3) 
and a character of degr ee 702 , (1
sn
-(6, 3))Psn(7, 3) are 
calculated. 
IpSn (7 , 3 ) : sn+(6 , 3)! = 22 . 33 .7 = 756. sn+( 6,3) is 
not a maximal subgroup of P8n(7,3 ) but n+(6, 3) is a 
maximal subgroup of i ndex 378. This subgroup is embedded 
i n a s imi lar fashion to the embedding of n-(6,3). 
Hence a pe r mutat i on character of degree 378 
(1 n +(6, 3) )P8n(7,3) and a characte r of degr ee 756 
(1 snt(6, 3 ))P8n(7,3) are calculated. 
The representation of PSn(7,3) on t he 10 93 po i nts 
of PG(7,3) merely depends on the conj ugacy clas s i n 
GL(7,3), i.e. on the elementary divisors and by s ub t r act i on 
the character of the representation on 364 is otropic 
pOints can be obtained. Inspection of the characte rs of 
the 3 rank 3 representations shows that := 
the character of degree 351 = X(7) + x(7) 
1 a 
t he character of degree 364 = x(J) + xC!) 
the character of degree 378 = x(~) + x(~) 
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Hence degree ,,(7) 
a = 
168 
degree ,,(7) b = 182 
degree x(7) = 195 and thE:3e 3 irreducible c 
characters are det '~rmined on all con~l ugacy classes. (They 
are in fact x(~),x(~) and x(~~ See TABLE 10.) 
The representation on 702 symbols is rank 5 and the 
remaining 2 characters are x(J) and x(J6 of degrees 78 
and 273. 
The representation on 756 symbols is rank 5 and the 
remaining 2 characters are x(7) and x(7) of degrees 105 4 10 
and 273. 
The values of these 3 characters can be obtained by 
restrict inG and splitting in Psn+(6,3) and Sn-(6,3). 
Psn+(7,3) contains 2 conjugacy classes of subgroups 
isomorphic to PSp(6,2) : W(E 7 ) of order 2
9
.34.5.7 and 
index 35 .13 = 3159. (Lemma 1.7). The character table of 
Sp (6,2) is well-known and is published by (.1" . : . Frame 
[4]. I have checked the table completely as there is one 
error, character 120
a 
and class number 11 • 
PSn(7,3) contains 351 d's. There are 351 .1 26/2 
3 2 5 
= 3 .13.3 .7 = 3 .7.13 t'e and 351.126.45/3.2 .1 = 
36 .5.7.13 n's. Therefore conjugacy classes no. 2,3 and 4 
are D, T and N respective ly. (See T.'.BLE 10). 
In Sp(6,2) there are 32 .7 d's, 63.30/2.1 = 33.5.7 
, 2 223 t s and 63.30.13/3.2.1 = 3 .5.7.13 = 3 .5.7 + 2 . 3 .5.7 
n'B. r/e have therefore determined the n,T and N's in 
Sp(6,2) . 
x(~) restrictei 
X (? ) restrictei 
:J 
irreducible. 
t o Sp(6 , 2) splits as 15a+7a+56a. 
to Sp(6,2) = 105a. i .e. r emains 
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This solves the fUsion problem Except for conjuga cy 
classes nos. 7,10,11,1 2 ,13,14,23 and 24. 
Res tricting x(~) determines the image of nos. 7 and 
24. The remaining 6 conjugacy classes can be mapped to 
either of 2 conjugacy classes in Psn(7, 3 ). This choice 
corresponds to the 2 conjugacy classes of subgroups 
isomorphic to Sp(6,2). 
In an entirely analagous f ashion it is possible to 
embed the 2 conjugacy classes of subgroups isomorphic t o 
~9' the symmetric group on 9 symbols. (Lemma 1.7.) The 
character table of ~9 is in Littlewood [13]. 
P8rr (7,3) acts as a rank 4 group of degree 3159 on 
t he conJ1.l;,; ates of Sp(6,2) and a rank 5 group of degree 
= 12636 on the conjugates of L: 9 • 
'l'he remainder of the 58 characters of PSn(7 , 3) 
we re cal culated by inducing chara ct ers f rom the v arious 
subgroups diocussed in this section and forming tens or 
JJ r oducts of characters of small degree. The complete 
characte r table is p resented as TABLE 10. Unfortunately 
"the numbering of the conjugacy classes used in later 
s e ctions is not quite consecutive but runs from 1 to 
36, 58 then 37 to 57. 
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§16 The Conjugacy Classe s of 1l ( ~2) 
From Theorem 1 . 2 we know th nt M(22) contains a uni que 
conjugacy class of 3 transpositions deno t ed by D. 
Let?C be a fixed element in D. Then CM( 22) (?C)/<7t> ~ 
I I 16 6 P8U(6,2). We denote CM(22) (11:) by P*. p* = 2 . 3 . 5 . 7 .11. 
Suppose X( 22 ) is a charRcter of M(22) and tha t 
x e p* ~ M(22). Then we denote x{1,7t} by x and re gard x as 
an element of PSU(6,2 ). Then X(22) (x) = X(22)(x) + X(22 )(~ ) 
2 . 
is a character of PSU(6,2). 
Now we know that M(22) has 2 ranlt 3 repres ent nti ons of 
degrees 3510 and 14080 (Lemma 1 .4). The conjugacy clas s ':; s of 
M(22) are found by using the characters of these representations 
and their restrictions to the subgroups p* and P8n(7,3 ) . 
Conjugacy cl asse s of involutions in M(2 2 ) 
We remind the reader that T and N denote conjuga cy classes 
of involutions consisting o.~products of commuting pairs and 
triples of elements from D. 
• 
• • 
I D I = 3510 
ID'}CI = 693 
3 
= 2. 3 .5.13 
2 
= 3 .7.11 
ITI = 693.3510/2 
= 3 5 .5.7.11.13 
••• ICM(22)(t)1 = 217.34 .5 
(D'JC is the set of el e ments in D 
~ 'JC which commute with 11:, the 
number 693 comes from T.·\B~ 5.) 
(Lemma 1. ) 
( ~e note that t is a central 
involuti on in its Sylow 2-group.) 
• 
• • 
Let d be an involution in P8U(6,2 ) . Then 1Dd! = 180 
The number of commuting triples of involutions in 
M(22) is 3510.693.180/3.2.1. But we know from ~3 that each 
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element in N can be represented as the product of c ommuti ng 
triples of elements from D is precisely 2 ways. 
. . INI = 2 . 36 .52 .7.11.13 and !C M( 22 )(n )1 = 216. 33 . 
These 3 conjugacy classes of involutions a re all the 
i nvol uti ons in M(22). For suppose x2=1 ~x, x f D,T,N. 
x 8 8 8 8y12(G) • ••• S c NM(22)(L10 ) for some L1 O· ! L1 0 I = 
10 ) 2 • (See §3 . We know x + L10 as all elements in L10 are 1 
or in D,T and N • ••• xL is a nontrivial element of M22 • 
Al l involutions in M22 are of the form 1628 as permutations 
on 22 s ymb ols . That is they all centralize an element in D. 
Hence x € P* . But all elements in p~ are in D, T or N. 
,_._--
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In the above table 1 and 1~ are 2 conjugacy classes in 
p* which come from conjugacy class number 1 in P. 4 ':' is the 
unique conjugacy class containing the elements from #4 in P. 
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Psn(7, 3) acts on the 3510 cosets of p* in orbits of length 
3159 and 351. Hence the character X~~~6 is immediately known 
for all conjugacy classes in M(22) which have re presentatives 
in psn ( 7, 3) • 
. (22) We res trJ.ct X3510 to p* and calculate the ass oc i :-; t ed 
chara cter of PSU(6 ,2). 
3510 + 694 = 2102 
2 
54 + 54 = 54 
2 
694 + 182 = 438 
2 
182 + 54 = 118 
2 
-(22) are the values of X3510 on 1,D,T and N. 
Thus X~~~6 = 3X~6) + 2X~6) + x~6) + X~~). Hence X~~~6(X) = 
( (22)() (22)( X3 510 x + X3510 ~x) )/2 caa be calculated for all x E P* . 
Conjugacy cl asses of elements of order div isib le by 13,11,7,5 
The centralizer of an element of order 13, f, i s a 
3-group . INM(22)«f»/CM(22)«f»I = 6 or 12. (See PSfl(7, 3 )) • 
• -. INM(22) «:f'» I = 13.2 a .3b • By Sylow's theorem the orde r is 
13 . 2 .3 or 13.2.34 or 13.2.37 
Later we shall prove that all elements of order 3 do not 
centralize ; n element of order 13 •••• ICM(22) (f) I = 13 and 
there are ~ conjugacy classes of elements of order 13. 
Let f be ~m element of order 11 in M(22) . f lies in 
p* and X~~~6 (fi = 1 •••• elements of order 11 and 22 both 
centralize exactly one d e D. Hence CM(22) (f) = Cp*(f). 
By Sylow's thec-C'em INM(22)«f»1 = 2.5.11 • ••• there exists 
2 conjugacy clE.3ses of elements of order 11 and 2 conjugacy 
classes of elenh.nts of order 22 in M(22). 
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Let ~ be an element of order 7 . X~~~6(~) = 3 and 
x~~~ 6 (?tf) = 1 . • •• I CM(22) (1Cf) I = 2 . 7 as any element which 
centralizes 1Cf, centralizes 1C and hence e P* . Also CM(22) (f) = 
Z3 x C7 • 
The r e is 1 conjugacy class of elements of order 7 , 
centralizer of' orde r 2. 3 .7; ~. 
There is 1 conjugacy class of elements of order 14, 
centralizer of or de r 2.7; df . 
There is 1 conjugacy cl :~ ss of elements of order 21, 
~entrallzer of order 3. 7 ; ~f. 
( ~ denotes t he product of 2 non-commuting elements in D. ) 
B. Fischer hR6 shown tha t there is only one conjugacy clas6 
of elements of order 5 in M(22), M(23) and M(24) by conside ring 
a subgroup which contains W(E 8) of i ndex 6 . However , it will 
be clear by the end of this section that any e l e ment of order 
5 other than t hat discussed below must be self-centralizing 
and there will not be enough elements lef't by then . 
Hence we consider the element of orde r 5 which centralize 
an element in D, f . M(22) contains subgroups isomorphic to Z10 
(Lemma 1.;4.viii ) and CZ1 ·0(f) ~ Z5 x C5• X~~~6(f) = 10. 
Any element centralizing f permutes these 10 elements in D. 
Now Z5 permutes the 10 elements in D n Z5 transitively and 
a~ so Cp. (f) = 05 x Z3 x ~2 ~ ~ 5 x C5~~ CM(22) (f) ~ Zs x Cs • 
There is 1 con jugacy class of elements of' order 5, 
ce ntralizer o~ order 23 . 3 .5; f . 
Th e re i s one conjugacy c lass of elements of' order 10, 
2 ce ntralizer of' order 2 . 3 . 5 ; df . 
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There is 1 conjugacy class of elements of order 10, 
centralize r of order 22.5; tf. 
The re i s 1 conjugacy class of elements of orde r 15, 
centralizer of order 2.3.5; af. 
The r e is 1 con j ugacy class of e lement s of order 20, 
2 cent ralizer of order 2 .5; vf. (v is an e l e ment o~ or der 4 
whose square is in T.) 
There i s 1 conjugacy class of element s of order 30, 
ce n t r alizer of order 2.3.5; adf. 
-
o(x) 13 13 11 11 22 22 7 14 
r ep'tiv e 
f---- -- --- --- --- I-- - --
ICMf 2~ (x) I 13 13 2.11 2.11 2.11 2.11 2 . 3 .7 2.7 
-- --- . -------- - -- -------- --- --X 22 0 0 1 1 1 1 3 1 
- ·1iH r- ~.--
X14080 1 1 0 0 0 0 3 1 
- -- -. ------ 46i-467c- -# in P"" 44 45 44x 45?t 
---
f- - ! -.- . # in psn(7,3) 56 57 54 i 55 
-- ------ . _----- -
-f---- ---,--. 
:It in M(22) 5 6 7 8 9 10 11 ~ 
-- -- ------ ----
p---. 
o(x) 21 5 10 10 15 20 30 
t--- -~ ---. - -- - -- .- 1-----
rep'tive f df tf a.f vf a.df 
-- 1---- -- - -
~22) ex) I 3.7 23 . 3 .52 2 23. 5 2 . 3 .5 22.5 2 . 3 .5 2 .3.5 
1-. 22) I __ ~ 
X3510 0 10 4 2 1 0 1 (22) .--
X14080 0 5 3 1 2 1 0 
# in p* 42 42?t 41 411t 43 43?t 
# in P8n (7,3) 49 51 50 53 52 
I---
# in M(22) 13 14 15 16 17 18 19 
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Conjugacy cl asses o~ elements of order divisible by 3 
The order of a Sylow 3-subgroup of M(22) is t he same 
as that of PSU(7,3 ) •••• $Tery element of order a power of 3 
is repre~ented in a conjugacy class of PSfl (7, 3). 
nx x an element of order 2a 
Let d' € Ad and let n = dd '. M(22) acts as a rank 3 
group on the conjugacy class D (Lemma 1.4). Therefore all 
elements of the same form as a. are conjugate in M(22). 
Therefore n has 3510.2816 = 29.32 .5.11.1 3 con j ugates . 
3 
And ICM(22)(n)1 = 2
8
.37.5.7. Now if 2 elements ~x and ny, 
x,ye CM(2 2 )(a.), Ixl = 2a are conjugate then they are 
conjugate in CM(22) (a.), indeed x,y are conjugate in 
CM(22) (a.) = C3 x Pn-(6,3).Hence we get the following conjugacy 
classes. 
'- - --------,------ ---.- -----,,------r----r-----, 
o(x) 3 6 6 6 12 
r-------- -t--------f-----+--------t-----i --. ----
rep'tive a. ad at nn nq 
-- -- --------r----~----~---+--~--JCM~~~j (x) I II 28 .37 .5.7 27 .3 5 .51 2~~ __ ~ 7 .33 25 ·L 
X3510 126 46 1 14 6 6 X~~~~o I --~1-2----I---4-0---+--16--+--8-+--- 4 
- - -. --- ---- -,- --- ---- --- ---t.- .-----.-' - ---- --t 
# in p* i 16 1 ~ 17 17?t 18 18?t 2 0 
- - - - -. -.-/. --------j----+--------r------
# in PSQ(7,3) : 13 24 28 30 38 
- # --in--M(22)T- 20 - ~---2-1---+--22---+-2-3 --t--2-4-'-
_________ -J-_____ l......-. ___ .L.-__ ----''--__ ..!-___ -L 
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There are 7 conjugacy classes of elements of order 3 
in psn(7,3). 
# -r ICpSfl (7,3) (x) I T x<gn ! 3510 25.39 11 I 27 
26 .37 




14 23 .37 27 
15 23 .37 0 
16 2.36 I 0 
1 
17 : 22.3 6 ! l ________________ l __ 36 






As elements in PSn(7,3) take 3 values 27,36 and 126 
the 3 classes in p* are not fused at all in M(22). As #11 
in Psn(7,3) and 21 in p* are both central they fuse in M(22 ). 
Hence #21 in p* fUSes to #11 and #14 in PSrr(7,3 ) . 
#16 in p* fuses to #13 in psn (7,3). 
#35 in p* fuses to #12 and #17 in P3rr (7, 3) . 
It is now possible to calculate x~~~~o on all elements 
represented in PSrr(7,3) USing all fusions already determined. 
GXa x an element of order 2 a 
Let ~ be an element of order 3 central in the Sylow 
( (22) ( 3-subgroup of M 22). X14080 ~) = 148 • 
••• ICM(22)(~)1 = 25.39.148/(1+36) = 27. 39. 
Icn(t)1 (=X~~~6(~» = 27 = 1 (mod 2) 
••• if o(x) = 2a , x e CM(22)(~) then ICn(x~)1 ~ 0, 
i .e. x~ e P*. 
We list the relevant elements of order 6 and 12 in 
# o(~x) (22) X351 0 (~x) (22) ( ) X14080 ~x ICpsn(7,3)(~x) 
-
22 6 19 4 25.36 
26 6 11 4 25. 34 
29 6 20 3 25.33 
33 6 20 3 23 .33 
41 12 3 4 24.32 
42 12 3 4 22.3
2 
44 12 3 4 24.3 
Clearly #29 fuses to #33 in M(22). #22 is 'd, #26 
is 't and #29 and #33 are of the form ~. The element s 
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in p* fusing to the 3 conjugacy classes of elements of 
order 6 are clear, and these exhaust all conjugacy class es 
of order 6 in p* related to t. 
The conjugacy classes of order 12 related to ~ in 
PSU(6,2) are := 
# ! CpSU ( 6, 2 ) (~) I X(22)(~) 3510 
- --------
25 2 5 .33 11 
26 25 .33 11 
27 25 .3 3 
28 2 5 .3 3 
29 24.3 7 
30 24.3 3 
31 24.3 3 
Now if !~! = 12 then (**) !SYl2(CM(22) ('x)) I = 24 
or 25. (**) will be proved at the end of this sUbsection • 
••• In p. for n=5,6,7,8 #2n is fused to #2~. 
Also by (**) #41 and #44 in PSfl(7,3) fuse to one 
conjugacy class in M(22) #36 = {P1,1. 
ICY(22)(P1,)1 = 24.32 • 
It is now clear that #30 fuses to #3(J]c and #31 fuses 
to #31?t in p* and also that they fuse to #41,#44 and #42 
in PBn(7,3) respectively. 
Now ei ther #29 or #291c must fuse to #25~" and #26* 
and the other fuse to #27* and #28*. Hence we have the 
followi ng conjugacy classes. 
o(x) 3 6 I 6 6 
repttive ~ d~ t~ n~ 
C---_ 
!CM(22) (x)! 27 .39 27.3
6 27.34 27.33 
X(22} 
'~C:;1 0 27 19 11 3 
')(,(221 148 4 4 20 
I-- 14080 
-
# in p* 21 21~ 22 23 22?t 23?t 24 243c 
- -
# in P8n (7, 3 ) 11 14 22 26 29 33 
f-------- ---- - - - ---.--- -
# in M(22) 30 31 32 33 
--
o(x) 12 12 12 12 
1-. - . ------
rep'tive q1~ q2~ P1~ P2~ 
-_._-_. 
24.32 24.32 ICM(22)(x)1 25.33 25.3 
x~~~6 11 3 3 3 
~~~~o --- -0 0 4 4 
1--
# in p:O:< 25* 26* 29 27* 28* 29?t 30* 31* 
r------------
# in psrr(7,3) 41 44 42 
f---.-
# in M(22) 34 35 36 37 
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Proof (**) This proof has arisen out of discussions 
with B. Fischer . No attempt is made to justify the facts 
given. 
Let H be the group generated by 3 involutions 
a,b,c € D none of which commute with each 
other and satisfying (ab)c ~ abe 
IH n DI = 9, 
IHI =54, IZ(H)I =3, I H' I = 27 and 
H' is extra-special of exponent 3. 
ICD(~)I = 27 = 3.9 
<CD (~» ~ H1 Y H2 Y H3 of 'order 23 •37 the central 
product of 3 H's. 
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Let d1,d2,d3 be elements of D from H1 ,H2 ,H3 • Then 
<d1 ,d2,d3> is elementary abelian of order 8 and lies in 
the center of a Sylow 2-subgroup of CM(22)(~) which we 
denote by S. For 1=1,2,3 Si = S/<di > ~ Qi1 x Qi2 the 
direct product of 2 quaternion groups . whose" involutions are 
t's in S but d's in S1-
Now we see that for any element x of order 4 
ISY12(CM(22)(~))/ > 24 as Iz(s)/ = 23. Now suppose 
Ic8 (x)1 = 2
6
, then ICSi(x)1 = 25 i=1,2,3. The involution 
x
2 is d1~' ••••• or d1~d3 (as all d's in D are non-squa res 
see §3). Suppose x2=d1~ then ICS3 (x)I = 24, if x2=d1 d2d3 
then CSi(X) = 24 for all i. Hence we have the desired 
conclusion ISY12(c)(22)(x~))1 < 25. qq 
Elements of order 9 and 18 
All elements of order 9 are represented in PSfl(7,3). 
Those whose .ube fuse to ~ are listed below. 
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# I Cpsn (7,3) (x) I (22 )( ) X3510 x (22) ( ) X14080 x 
---
18 2.34 3 7 
19 22.34 6 1 
2 0 33 3 7 
Cl ea r l y #18 fuses to #20. In PSU(6,2) t here are 
3 conjugaey classes of elements of or der 9:= 
r---- - -- ----
36 .33 2 
39 2 .33 5 
40 2 .33 5 
The fusion is obvious. As X(22)(x) is odd for all 3510 
e l ements x of order 9 whose cube is in ~ every e l ement of 
order 18 whose 6th power is in ~ is repre sented in P* . 
There are 4 conjugacy classes of elements of order 18 
i n PSn(7,3) whose 6th powe r s are conjugate to ~ := 
~--
, 
ICpSfl (7,3) (x) I (22) ( ) X14080 x (22 ) ( ) X3510 x 
-- ~--
45 22.33 1 1 
48 22.33 1 4 




3 1 2 
-----
Hence there are 4 conjugacy elasses of elements of 
order 18 whose 6th power lie in ~. 
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------. ----,-
o(x) 9 18 9 18 18 18 
- ---.-
_. 
rep'tive \I d\l J.L dJ,J. dJ,J. tfJ. 
-- - --
I CM(22) (x) I 2.34 2.33 22.34 22.33 22.33. 22 . 33 
-x~~~6(x) 3 1 6 4 4 2 
x~t~~o(x) - - -- -- ----
f----_. __ ._---
---- - --
7 1 1 1 1 1 
, 
1- -- - - 1------------1---- r--.--- -
# in P;l: 36 3Gx 39 40 39?t 37 4011: 38 371C 381C 
f- - .-- ---- - --- j # in PSS1(7,3) 18 20 46 19 45 48 46 - ----- .-.- -.-- ---- - ------- --# in M(22) 38 39 40 41 42 43 
--
There are no elements of order 27 in M(22) as there 
are none in PSn(7, 3). There is one furthe r class of elements 
of order 9 discussed in a later subsection. 
eXt x an element of order 2a 
Conjugacy classes #12 and #17 in PSfl(7,3) fuse to 
one con jugacy class with representat ive p in M(22). 
!CM(22)(P)! = !CpSfl (7,3)(e)! = 2
6
.37 for those p 
which lie in conjugacy class #12 in PSS1(7,3). Therefore 
every element of the form px, x an element of order 2a 
is represented in P8n(7,3) := 
[O(x) ,- ------# I CP8n (7,3) (x) ! 
~-
26 .37 3 12 
--
-.- .--
(22) ( ) (22) ( ) X3510 x X14080 x 
36 49 
3 17 22.36 36 49 
6 23 24.3 5 10 13 
6 25 22.34 10 13 





o(x) # ICpSfl (7,3) (x) I (22) ( ) X 351 0 x (22 ) X140 80 (x) 
6 31 24.33 6 5 
6 32 26.33 12 17 
6 36 22.33 6 5 
6 58 22.33 12 17 
12 37 23 •32 0 1 
12 40 24 .32 0 1 
The conjugacy classes in PSU (6, 2) whose powers lie 
o o 
@x , x an element of order 2 
There a re 2 remaining conj ugacy classes of orde r 3 
i n PBn(7,3). We list all the conjugacy classes of psn(7, 3) 
s ome power of which lie in these 2 classes. 







of order 6 that these must fuse together in M(22) and hence 
that the elements of order 3 fuse too, to a conjugacy class 
with representative P. 
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F~- I O<:X) . - .,------ ---- - ------. ICpSfi (7,3) (~x) I X~~~6(~x) X~~~§O(~x) --+-------~--------~ 
23 .37 0 13 
16 3 2.36 0 13 
34 6 23 .33 0 5 
35 I 6 
!L;LJ.3 J! 12 
21 9 
---- - --





_____ ~ _ __ ____ -L--_ ____ --'-
The above elements yield the following conjugacy 
c]as s es in M(22). 
o(x) 
r --- I • 
L_~ ~n M(22) 
-- - - -- -- - - -- . -.- - ~ 
46 : 47 
1 _ 
44 45 
Hence the list of c;on j ugacy class e s i s c omple te 
except for elements of oraer 4,8,16, ..•• 
Elements of order 2 a 
There are 4 conjugacy classes of elements of order 
4 in pan ( 7, 3) : = 
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# ICpSn (7,3) (X) I (22) ( ) X3510 X (22) ( ) X14080 X 
5 26 •32 .5 30 16 
6 27.32 6 16 
7 27 .3 6 16 
8 26 .3 14 16 
Now clearly there are 2 conjugacy classes o~ elements 
of order 4. 










Also there are either 2 classes from #6 and #7 or 
they ~use together. 
Now #7 does not fuse to #7'1C in p* as x.~;~ 6 takes the 
value 22 on class #7. 
Suppose that conjugacy class #7 in p* fuses to (a.) 
then there exist other classes ~ontributing 15 to X~~;~(a.) 
but inspection of the other classes shows " that this is 
impossible •••• #10 in p* fuses to (a.) and #1O?t f uses to 
some conjugacy class with X.~~;6 equal to 14. Conjugacy 
classes which may fuse to (~) are #~,#1O?t,#11,#11~ or 
#11* which would contribute 1,2,6,6 and 12 respectively 
to (~) • ••• 1O?t and either 11 an411'Jt or 11* fuse to (~). 
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I,Ve now have enough (22) values of X14080 to calculate 
( 22 ) (22) 
X14080(x ) + X14080(~) for all x in P*. This is zero 
2 
for al l elements of order 4 except conjugacy classes 
#8, #9, #10 and #11 in PSu(6,2) for e a ch of which the 
val ue is 16. Hence -Its fuses to #81cand # 9 fuses to # 91t in 
p .... and al l fuse to #6 and #7 in PSn.(7,3) to form conjugacy 
class #57 in M(22) with centralizer 29. 32 • 
There a re 2 conjugacy classes of order 8 in PSn.(7,3) 
and these f use to conjugacy classes 14* and 15* respectivel;)' 
in P*. These either remain as 2 classes in M(22) #58a and 
# 58b or they fUse to 1 class #58. 
The other conjugacy classes of elements of order 
4 contain no representatives in PSn.(7,3). In psu(6,2) := 
# ICpSU (6,2)(X) 1 X(22)(x) 3510 
1---- --
- ----- --- -- -- -- ----------
5 211.33 38 
6 211 .3 6 
7 2 9 .3 22 
Either 7 or 7~ fuses to 5 or 5~ and as 1211.33:29.3/ 
= 36 we must have 5,~ and 7 all fuse to one conjuGacy 
clas s #59 with centra lize r 212.33 and cha r acter 38. 
(PoGsib ly 5 and ~ f use to one c onj ugacy class 5* in p* 
but thi s does not a ffect t he conjugacy classes in M(22).) 
Ei t he r 6,~ and 7 fuse to one conjugacy class in M(22) or 
the y y i eld 2 or 3 classes in M(2 2). However, a check of 
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the number of conjugacy classes of order 12 shows they 
fuse to one class. 
Now in PSU(6,2) the remaining elements of order 8 3re := 
--,----
# ICpSU (6,2) (sc) I x(22) on 3510 
-- -
12 25 6 
13 26 2 
Clearly neither 12 nor 12~ fuses to 13 or 1 3~. 
Hence from these elements we get either 2, 3 or 4 more 
conjugacy classes in M(22). 
All the other conjugacy classes in M(22) are 
elements of order 2a which do not centralize any element 
in D. A check of the elements already a ccount ed for leaves 
exactly 1/16 of the elements in the group. Also we have 
accounted for all elements which centra lize an element of 
order prime to 2. 
Let x be such an element not yet determined. Let S 
be a Sylow 2-subgroup of M(22) containing CM(22)(x). 
Then S ~ NM(22)(L10 ) for some elementary abelian subgroup 
L10 • (See ~· 3) • ••• in NM(22)(L10)/L10' xL10 is an e l eme nt 
of order 8 in M(22). x acts as a permutat ion 2141 82 
on the 22 elements of D contained in L10 , where the 2
141 
form a hexad • ••• /CL (x)/ = 4 for if the hexad is 10 
d1,d2,d3,d4,d5 and d6 then x centralizes 1, d1d2 , d1d3d5 
and d1d4d6 where x acts as (12)(3456) on the hexad. 
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ICM(22)(XL)1 = 8 and ICM(22)(x)1 = 32. Clearly x 
is of' order 8 or 16. However by considering the elements 
in N22 (See section 3) it can be shown that there are 
elements of' order 16. Later it is shown that there are 
characters which are complex on these 2 classes and 
the refore both classes are of' elements of' order 16. 
We have now shown that M(22) contains either 64, 
65 or 66 conjugacy classes and the remaining fusion 
problems are solved while calculating the characters in 
the next section. 
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§17 Characters of M(22) 
In calculating the conjugacy classes of M(22) 
we have incidently calculated the 2 rank 3 repre s entations 
of degree 3510 and 14080. 
We apply the rank 3 results of §5. 
't 3510: n=351 0 k=693 1=2816 A.=180 
J..I.l = k(k-'A.-1 ) (Equat ion 5.3 ) 
• J.L • • 
d 
{f2 , f 31 
= 693.512/2816 = 126 • 
= (180-126)2+4(693-1 26) = 722 
= 2k + C'A.-~) (k+l) ±VciCk+lL 
+ 2Id 
= 2.693 + 54 ,3509 T 72 . 3509 
+ 2.72 
= {;429t 3080 1. 
(Equation 5.4) 
(22) (22» (X3510,X14080 = 2 and 14080-1-3080 = 10999 ~ IM(22)1 . 
• (2 2) 
• • X14080 splits into 3 characters of degrees 1, 42 9 
and 13650. 
The values of these 3 characters of degrees 42 9, 3080 
and 13650 can be calculated by restricting to PSn(7,3) 
and P*. 
All characters of PSU(6,2) can be regarded as 
characters of p* having {~J in their kernel. We shall 
denote such characte r s of p* by x(~)* corresponding to 
x~6) of PSU(6,2). 
l 
Then ( (X(~)·)M(22)t (X(~)*)M(22) ) = 4. i.e. 
this character of degree 22.3510 = 77220 is either the 
sum o~ 4 irreducible characters of M(22) or 2 times an 
irre 1ucible character. The latter is impossible as the 
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character is odd on one conjugacy class. On restricting 
the character to psn(7,3) it splits as := 
4 x(J) 4.78 X(7) 8 260 2 x(7) 10 2.273 
3 X(7) 3.1092 2 X(7) 2.2106 2 x (7 ) 2.4095 15 22 28 
2 X(7 ) 2.5460 x (7 ) 5824 2 x (7 ) 2.7280 34 x(?~ 41 X(7) 11648 17472 47 52 
This set of 21 characte fS mUe t partition into 4 
subsets oorresponding to the 4 irreducible characters 
of M(22). There are 2 conditions on this partition := 
(a) If 2 conjugacy classes of P8n(7,3) fuse in M(22) 
then the value of the character must be equal on the 2 
classes. 
(b) The degree o~ the sum o~ the charaoters in a 
subset of the partition must divide 217.39.52.7.11p13. 
There is only one partition consistent with these 
conditions and this gives 4 characters o~ degrees 78, 
1430,32032 and 43680 of M(22). The values of the character 
o~ degree 78 can be determined on most of the conjugacy 
classes and indeed the values prove that one o~ the 
unresolved questions from §16 is se t tled, both conjugacy 
classes #61 and #62 exist. 
The remaining characters of M(22) can be calculated 
by splitting the induced characters from PSU(7,3) and p* 
and characters obtained by forming tensor products of 
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small degree. 
The remaining 2 fusion problems are also resolved as 
assuming that the 2 pairs do not fu se one obtains charac t ers 
of length n+~ . Hence Y(22) has 65 conjugacy classes and the 
character table of M(22) is presented as TABLE 11. 
TABLE 11 
- -, -
I • I ~1'~1Jti) 
..... I I 
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CHAPTER 3 A CHARACTER IZATION OF M( 22) 
§18 Statement of the problem 
In this chapter we characterize M(22) by the 
structure of the centralizer of an involution method. 
Throughout the next three sections G will denote an 
arbitrary simple group containing an involution ~ such that 
that CG(~) ~ centralizer of a 3-transposition in M(22). 
Now CG(?C)/<?C> = PSU(6,2) and this extension of' C2 
= <~> by PSU(6,2) 1s non-splitting. 
The involutions in CG(?C) = p* (see § 16) are as 
f'ollows := 
name !Cp.(X) ! # of' conjugates in p * SQ or NS Q 
?C 16 6 2 . 3 .5.7.11 1 NSQ 
d 216.34.5 2 693 N8Q 3 .7.11 = 
?Cd 216.34.5 2 693 8Q 3 .7.11 = 
t 215.32 4 62370 SQ 2.3 .5.7.11 = 
?tt 215.32 4 62370 SQ 2.3. 5.7.11 = 
n 212.32 4 4 2 .3 .5.7.11 =498960 8 ' <1 
The 1st column gives the name where d, t = d1~ and 
n = d1~d3 are representatives of the conjugacy classes 
of' involutions in PSU(6,2). 
If' SQ is written in the 4th column then there is y in 
p* such that y2 = x. NSQ means that there is no such y of 
orde r 4. 
Le mma 1 8 .1 ?t and d are NSQ. 
?td, t, ?tt and n are SQ. 
Proof In M(22) ?t - d. Consider a d E L10 ~ N22 • Then 
a Sylow 2-subgroup of CM(22)(d) is contained in N22 • 
No element in this Sylow 2-subgroup has square equal to 
d. Therefore ?t and dare NSQ. 
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Let?t X Y abc be a hexad in 8 (3,6,22). M(22) 
contains involutions of the type 1628 and the action of 
the stabilizer of a hexad in M(22) on the hexad is 
isomorphic to A6 • (Todd [10].) Therefore there is a 
perrnuta Ll on (x)(x a)(Yb)(c) e M21 " P*. Call this 
element i. Then ?t+x+y.i e p* and (?t+X+Y.i)2 = ?t+c. 
Therefore there are elements of the type ?td are SQ . 
Similarly one can prove that t, ?tt and n are SQ. 
Also by working in the subgroup of N22 ~ p* it is easy to 
see that n - ?tn in P*. qq 
§19 Fusion or involutions 
Lemma 19.1 In G ~ N d, and no other involution in p* 
ruses to ~ in G. We call this conjugacy class D. 
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Proof Clearly t, ~t, ~d and n cannot ruse to ~ as they 
are all SQ even in p. and ~ is a NSq in G. 
Glaubermants Lemma [5, Corollary 1 ] 
Let S be a Sylow 2-subgroup of a finite group G. 
Suppose xeS. A necessary and sufricient condition ror 
x ~ Z*(G) (= the inverse image in G of Z(G/O(G».) is th at 
there is aye Cs(x) such that y is conjugate to x in G 
and y ~ x. qq 
That is, if G is simple then every involution fUses 
to another in its centralizer • ••• ~ N d in G. qq 




(1p*)G(~) = 1 + 693 = 694 = 2 (mod 4). 
(1 p .)G(1) _ 2 (mod 4) as G is simple and i n the 
permutation representation or G on the cosets or p¥ 
every element must be an even ,permutation, in par ticula r 





IG : p*1 E 2 (mod 4) 
ISY12(G) I = 217. q4 
Now ISY12(CG(~d»1 ~ 216 and as ~d is an even 
permutation in the above representat ion (1p*)G(~d) E 2 (4). 
• 
• • 
involution in G, that is an involution central in a 
Sylow 2-subgroup. Let T = Sy12(Cp*(~d». Let S be a 
Sylow 2-subgroup of CG(~d) containing T. Then T ~ S. 
Lemma 19.3 L10 ch T and therefore L10 ~ S. 
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Proof M24 ~ (C2 )4.A8 a splitting extension of an 
elementary abelian group of order 16 by A8 with A8 
acting as PSL(4,2) on the v.s. M21 ~ (C2 )4.A5 with the 
A5 acting transitively on the 15 involutions. (The 
transitivity is clear from the permutation character of 
A8 of degree 15, see Littlewood ~3] p. 276.) 
Let a be any involution in M21 • a is of permutation 
type 1528 • Therefore using our knowledge of the elements 
in L1 0' (see §3) we have : = 
)CL (a») = 1 + 6 + (g) + 8 + t .(~) + 12.2 = 26. 10 
(12 = 13 - 1. An involution a fixes exactly 13 blocks 
in S(3,6,22). See character table of M22 , Burgoyne and 
Fong [2].) 
Consider (C2 )4.A5 = L4.A5• If y e SY12(A5) then 
IcL4 (y)1 = 4. (Character table of A8 , Littlewood &3].) 
••• a maximal elementary abelian subgroup of a Sy12(M21) 
has order 24. 
However it is clear that ICL (a) n CL (~)I < 
6 1 6 5 10 10 • 1 + 6 + (2) + 2.(3) = 2 for all a, ~ in L4 ••• There 
is no elementary abelian subgroup of T of order 210 
containing a. i.e. L10 is the only elementary abelian 
subgroup of .T of order 210 •••• L10 ch T. qq 
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Proof Let x e S\T. x does not fix ~ in its action by 
conjugation on L10 • 
Therefore NG(L10)/L10 contains a transitive extension 
of M21 • This can only be M22 (see Luneberg [8]). qq 
It is now clear that t - ~d and n - ~t in G. Suppose 
~d = d1~d3 as a product of a commuting triple of elements 
in D. Let S be a Sylow 2-subgroup of CG(~d) containing 
d1'~ and d3 • Now /S:8 n CG(~)/ = 2, therefore at least 
one o~ d1, ~ or d3 e CG(~); say d1 • 
Then ~d, ~, d, d1, d2 , d3 all lie in CG(d1) ~ P*. 
This is a contradiction as in p* no ,-tN, is: an "n". 
Hence G has exactly 3 conjugacy classes of involutions 
which we call D, T and N. (Every involution in CG(~d)\ 
CG(~) fuses to one in CG(~) under conjugation b.YM22 .) 
Since n is an even permutation on 351'0 symbols, 
!Sy12(CG(n))! = 216. Hence we have := 
d e D !CG(d) ! 16 6 = 2 .3 . ,?7.11 
t e T !CG(t) ! = 17 4 · 2 .3 .5.-1 
n e N !CG(n) ! = 216.32.m2 where m1 and m2 are 
odd integers. 
Lemma 19.5 m1 = 1. 
Proof Suppose ~d = d1~. In p* we know that if ~d = d1d2 
then {d1,d21 = {~,dl. Therefore d1 ,d2 e CG(~d) \ P*. 
d1 e a Sylow 2-subgroup of CG(~d) which without loss of 
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generality ~ N22 • d1 = p.q where p e L10 and q i s of the 
f orm 162 8 in M22 • Therefore there i s a d3 e L1 0' d3 e 
CG(d1 ). Thus ~d, ~, d, d1 , d2 al l e CG(d3). The ~~ fore 
be, d 1 = { d1 ' d2 J • 
He nce we have that every element in the conjuga cy 
class T is uniquely expressible as t = d1~ = d2d1 • 
CG(~) contains 693 + 1 eleIIEnts in D. 
• 
• • 
• • • m1 = 1. qq 
x 693 
Lemma 19.6 m2 = 3. 
P roo~ I n N22 and also p* we have n = d1 d2 d3 = d4d 5d6 
implies that {d4 ,d5, d61 = {d1 ,d2 ,d3 J or {d4,d5,d6} is 
another uniquely determined triple of elements in D. 
Now suppose n = ~d2d3 = d4d5d6• ISYl2(cG(n)) : 
SyI2(CG(n) n cG(~))1 = 2. Therefore one o f d4,d5,d6 
say d4 e cG(~). Then~, d2,d3,d4,d5,d6 all e CG(d4 ). 
(d2 d3 e CG(d4 ) implies that d2 ,d3 e CG(d4 ) .) 
Hence every n e N can be expressed as the product 
of exactly 2 d iffe r ent commuting t rip l es of ele~ent s in 
D. 
• 
• • x 693 x 180) 31 .,x~ = ~G12 
21 .3 .~ 
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§20 Group Order 
Lemma 20.1 (Thompson: see Held [6], p.279.) 
Let G be a group with exactly 3 conjugacy classes 
of involutions D, T and N with representatives d, t and n. 
Let I be the set of all involutions in G. 
For any involution peG let a(p) = { # (a,~) 
a e D, ~ e T, p = (a~)i for some integer 11. Then := 
IGI = ICG(t) I.a(d) + ICG(d) I.a(t) + ICG(d) IICG(t) I.a(n). 
IcG(n) I 
Proof Let J = { (a,~) I a e D, ~ e T }. Now (a~)n = 1 
for odd n implies that a ~G ~. Hence ~or all (a,~) e J 
la~1 is even, i.e. every (a,~) e J corresponds to a 
unique involution in I • 
• '. leTl = IGI • IGI = 
I CG (d) II CG ( t) I 
= IGI a(d) + 
• 
Z a(p) = 
peI 
IGI aCt) + 
• 
I I 17 4 () 16 6 ) Hence G = 2 .3 .5.a d + 2 .3 .5.7.11.a(t 
17 7 2 ( ) + 2 .3.5 .7.11.a n. 




Proof Clear from proof of Lemma 19.6. For if n = d't' 
implies n = d' (d';ci2). {d' ,d'; , d21 = {d.1 ,d2 , d3 1 or {d4,d5,d6 J. 
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Lemma 20.3 If I~~I = 2n and ( ~~)n = p then ~,~ 8 CG(p). 
Proof Clear. qq 
Lemma 20.4 a (~) (= a(d» = 513 x 693. 

















d's in p* behave as 3-transpositions. 
= d2d3 and d' = d1 we r ave := 
The involution is a d if and onl- if d1=d2 
or d1=d3 . Otrerwise the involution is an n. 
The involution is a d = d3 • 
The involution is a t. 
",'/e use t ne t able of involutions in p* g iven at the 
beginninG of §18 and see that there a r e 693 solutions to 
the first di agram and 512 x 693 solutions to the second 
diagram, i.e. d3 = 11:, d2 t akes 693 values and d1 t akes 
512 value s for each value of d2 • qq 
Lemma 20. 5 a(~d) (= aCt» = 2)04 . 
Proof We t ake ~d a s our representative of the con jugacy 
class T. We seek pairs d' , t' in CG(~d) such that (d 't,)n 
= ?Cd for s ome integer n (Lemma 20.3). 
Let M = CG(~d) n CG(~ ) . 
First suppose tha t d', t' 8 M. Tr en we are i n a 
conjugate of p* and we may use the diagrams in Lemma 20.4. 
Pence we may suppose that t' = d1d2 and d' = d3 
and d1d3 t d3d1 and d2d3 t d3d2 • 
Then (t'd,)2 = d1d2d3d1d2d3 = (d3 )d1d2 d3 • 
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But then if d3 (d3)d1d2 = ~d we have by Lemma 19.5 
that d3 = d or d3 = ~. But then t' , M contrary to 
assumption. 
Hence either d' or t' does not belong to M. 
Now all involutions in CG(~d) \ M lie in a conjuga te 
of N22 • In N22 \ L10 all involutions belong to T or N 
(we know the involutions in one specil1l M21 as it lies 
in p* and all M21 's in N22 are con j ugate). Hence we may 
assume that d' e M and t' ~ M. 
Let (d,)t' = d" e M. Therefore /d'd"/ = 1,2 or 3 as 
M ~ P"'. If /d'd"l = 1 then d' = d" and involution associated 
with d',t' is d't'. d't' does not belong to M and thus 
cannot be ?Cd. If I d' d" I = 3 then involution assoc i a ted 
wi t h d' J t' is ( d ' t ' ) 3 = d' t ' d ' t ' d ' t' = (t') d' • d" 4: M and 
thus cannot be lCd. Hence I d' d" I = 2 and d' d" is the 
involution associated with d',t'. Thus d' = d or ~ and t' 
does not commute with d. Conversely if t' e CG(?Cd) \ M 
then 7C t' = d and (?Ct,)2 = 7tt '7tt' = ?Cd. 
Therefore a(7td) = 2* where * = the number of t's 
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Le t i e 1 62 8 the conjugacy cl ass of involutions in 
M22 ( N22 • Prom the proof of Lemma 1 9 . 3 we have that 
IC L (i)1 = 26 . Hence there are 64.1155 involutions in 10 
N2 2\L10 • (There are 1155 = 3.5.7.11 involutions in M22 
with centralizer of order 2 7 . 3 . See Burgoyne aId Fong 
[2] .) ICN (i)1 = 2 6 .2 7 .3 and ICN (id tl ) I = 2 6 .2 7 where 
22 22 
d" is an involution in L 10 fixed b y i. Th is accounts for 
21+.1155 + 24 .3.1155 involutions, i.e. all involutions in 
N22\L10 • Now i e T, id" e N (as above by conj ugFi t ion into 
p* by elements of M22 ). 
We now find all conjugac;y classes of involutions in 
N22 n CG(~d) which fuse to T i n G a nd which d o not 
c e ntralize either ~ or d. There are precisely 24 .11 55 x 8 
11 . 21 
= 5. 2 7 elements satisfying this c ondition. (An 
involution in M22 is of shape 1 62 8 and therefore 
interchanges 8 pairs of points and there are altogether 
( 22 ) ) 2 = 11.21 pairs of points. 
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Let i be one of t hese elements. Let K = N22 n CG(~d) 
= L1.0 .M20 , where M20 is the subgroup of M22 COlltai rl ing 
M2 0 ' 1M2 0 : M20 I = 2. 
i fixes a block which meets 3 
of the blocks through d and ~ in 2 
points. Any element in C (i) must 
M20 
fix this block and therefore ICM (i)1 
420 ~ 2.lcA (i)1 ~ 2. 2.2.2.3~ = 2 .3. 
d n 
6 ~O Therefore ICK(i)1 ~ 2 .3. Thus all elements of the same 
form as i are conjugate and ICK(i)/ = 210 .3. 
Now ICG(~d) : KI = 27 and hence Icc (~d)(i)/ = 
G 
ICK(i) I x 1 where 1 is odd and ~ 27. 
i.e. 1=1,3,5,9 or 15. 
If 1 = 15 then. Icc (~d) (i) I = 210.32 .5 
G 
7 2 # of conjugates of i = V = 2 .3 =1152. 
Therefore we assume that 1 ~ 15, i.e. 1=1,3,5 or 9. 
Using Thompson's group order formula we have := 
1=1 IG/ 17 8 = 2 .3.5. 7 .11 .1987 IDI = 35766 
1=3 IG/ 17 8 2 = 2 .3 .5.7 .11.101 ID' = 12726 
1=5 IG' 17 8 2 ID' 8118 = 2 .3.5. 7 .11 .41 = 
1=9 /G/ 17 7 2 /D/ 5046 = 2 .3.5. 7 .11 .29 = 
Now when 1=1 we have by Sylow's theorem that n1987 
the number of Sylow 1987-subgroups mus t be 1 and thus G 
will not be simple. 
1=3, 1=5 and 1=9 may be eliminated by character 
arguments. As an example suppose that 1=9, IDI = 5046. 
Then G has a permutation representation of degree 5046 
with va l ues := 1 D T N 
5046 694 182 54 
We restrict this character to p* and we get the 
associated character of PSU(6,2) with values := 
1 D T N 
2870 694 182 54 
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2870 = 10 (mod 11). As no character of P8U(6,2) of 
degree < 2870 has value +1 on elements of order 11 the 
representation on Inl must be of rank ~ 10 as the 
principal character must occur with multiplicity ~ 10. 
This is easily seen to be impos sible from the character 
table of P8U(6,2), TABLE 5. qq 
I I 17 4 6 Hence we have that G = 2 .3 .5.513. 93 + 
16 6 17 7 2 2 .3 .5.7.11.2304 + 2 .3.5 .7.11.6 = 64,561,751,654,400 
17 9 2 
= 2 .3.5 .7.11.130 
Thus IDI = 3510 = 2.33 .5.13. As described above this 
yields a character of P8U(6,2) with values 2102, 694, 182 
and 54 on the conjugacy classes 1, n, T and N. Inspection 
of the character table of PSU(6,2) shows that the only 
character with these values contains the principal 
character with multiplicity 3. Therefore G acts as a 
rank 3 permutation group on the conjugacy class D. Hence 
n 1s a conjugacy class of 3-transpositions, and by Theorem 
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